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1. Introduction and Preliminaries

Let .« be the class of all functions f of the form
f(=) =z+Zanz”
n=2

which are holomorphic in the open unit disk % = {z € C : |z| < 1}. A function f in ./ is said
to be starlike function of complex order y(y € C \ {0}) and type a, (0 < a < 1) if and only if

Re{1+%(z}c£$) —1)}>a (z€U) @)

We denote by S’ (y) the class of all such functions. Also a function f in .¢/ is said to be convex
of complex order y(y € C\ {0}) and type a, (0 < a < 1) if and only if

Re{l + lzf”(z)

) }>a Gew). (2)

*Corresponding author.

Email addresses: sunilksharma42@yahoo.co.in (S. Sharma) kuldeepraj68@hotmail.com (K. Raj)
aksju_76@yahoo.com (A. Sharma)

http://www.ejmathsci.com 246 (© 2013 EJMATHSCI All rights reserved.



S. Sharma, K. Raj, A. Sharma / Eur. J. Math. Sci., 2 (2013), 246-255 247

We denote by C,(y) the class of all such functions. The classes S;(y) and Cy(y) were intro-
duced by Nasr and Aouf and Wiatrowski respectively, in [8, 15]. While the classes S’,(y) and
C,(r) were defined and studied by Frasin in [6]. Note that the classes S (y) and C,(y) are
generalization of the classes A-spiral like functions of order a which was introduced by Libera
[7]. The class S,(cos Ae™ ) (A < §> 0 < a < 1) of A-Roberton functions of order a was
introduced by Chichra in [4]. In this paper we introduced integral type operators:

Fori€{1,2,---,n},leta; € R*, where R™ is the set of positive real numbers and f, ¢ € .o/
such that (%) C % . We define integral type operators as follows:

Frg.ar a2 = ((f1o@)@) ((f20 9)@) -+ ((fao 9)))™, 3)
(fre@)@) o r(f2o9)@) a2 (fro@)(z)yon
Gn,¢’a1’a2’...’an(z) = ( . ) ( . ) (T) , 4)
Hrp.g.01,05,,0,(3) = J (GEID(9) RN (AT () RF d(9l14 (5)
0
and i
Ing.g.a1.a5,0,(2) = J ((Fro@) (@)™ ((fao @) ()™ (g2 (6)
0
The integral type operators F,, , 4. o, ..a,» Gnp 1,000, Hn,p,g,a1,a0,a, and
In o g.a1,a5,a, ar€ generalizations of some well known operators, defined respectively, as
Fuoal@= ((ho@)@)%  Grpul) = (L2PE

Hy g ga(2) = f ((Fo@)) (DS, Nygalz)= J ((Froe)()“e(g)dg.
0 0
The operator F, = F; ,, ; is known as composition operator defined as
F,(2)=fiop, fi€d.

The operator H , , ; induced by g and ¢ defined as

b4 z 1
H1,¢,g,1(2)=f fl(w(é))dg(é)=J f1(so(C))g’(C)dC=f filp(t2)) 2 g'(tz)dt
0 0 0

can be viewed as a generalization of the Riemann-Stieltjes operator T, induced by g, defined
by

Z 1
T f(z)= J f(Ddg(l) = j f(tz)zg'(tz)dt, z€D.
0 0
C. Pommerenke [9] initiated the study of Riemann-Stieltjes operator on the Hardy space H2,

where he showed that T, is bounded on H 2 if and only if g is in BMOA. This was extended
to other Hardy spaces H?, 1 < p < oo, in [1] and [2], where compactness of T, on H? and
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Schatten class membership of T, on H 2 was also completely characterized in terms of the
symbol g. The operator I; , ., ; induced by g and ¢, defined as

g g1(2)= J file@e'(D)e(D)dE, =zeD.
0

The operator I; , . ; is the generalization of the operator J,, recently defined by Yoneda in
[18] as

Jof(2) =J f(Dg()dg, =zeD.
0

Also, if g(z) = ¢’(2), then I ,, , ; reduces to difference of the composition operator F,, and
the point evaluation map, defined as

Il,(p,(p/,lfl(z) = (f109)(2) — f1((0)).

These operators have gained increasing attention during the last three decades, mainly due to
the fact that they provide ways and means to link classical function theory to functional anal-
ysis and operator theory. For general background on composition operators, we refer to [5]
and [11] and the references therein. Recently, several authors have studied Riemann-Stieltjes
type operators on different spaces of holomorphic functions. For example, one can refer to
(3,10, 12, 13, 14, 16, 17, 18] and the related references therein for the study of these opera-
tors on different spaces of holomorphic functions. In this paper we obtain some sufficient con-
ditions for the integral type operators F, , o o, .. 0 (2); G o ai a0, (2)s Huo g.ar,ap,a,(Z)
and I . a,(2) to be in the classes S (y) and C,(y).

n,p,g,ay,as,""

2. Main Results
Theorem 1. Let a € RT and y € C \ {0} such that 0 < aRe{% — 1} < 1. Suppose that f o ¢
and f' o @ € S§(y) and ¢ € Co(y). Then F, , , € C,(y), where n = aRe{% - 1}.

Proof. We have
F @ =a(feE))* " FeE)¢'(2) e

and
Fl @ = ala=1D(feE))" 7 (f (e(2)¢'(2)* ®)
+ a(feEN) T (F(e@@ @)+ f (92" ().
Dividing (8) by (7), we have

Flloa(®) f’(tp(Z))cp’(Z)+f”(<P(Z))<P’(Z)+<P”(Z)

F{,W(Z):(a_l) Fle() Fle@) @) ®)
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Multiplying (9) by z, we have

Frpa® _ 0@ 2000V @) | 20"(@)

Fioa®) flo@) | fle@) 9@ (10)

Multiplying (10) with 1/y, we have

12Fp0(8) (@l e)@) 1500 e)(E)  15¢"()
Y Fi,q.() v fle@) v flleG) 1 ¢'(=)
o 1afee)Y@) N L 1a(foe) ()
= @0 ey U Creey Y
120"(z) «

IO

_l_

The above relation is equivalent to
12F], 4(2) 1 2(f 0 p)(2) 1
1+—,—Z—((X—l){l-’-;(m—l)}-’-a(;—l) (11)
1 rz(f o 9)(2) 12¢"(z)
FCremy I e

+{1+
Equating real parts of (11), we obtain

/"
Re{ EZFI""’“(Z)

(f 0 9)(2)
R0 o Y

Flo@)
1 2(f 0 0) (@)
+ ref1+ (S 1)

"(2)
+ Re{1+%zf:,(;) }+aRe{%—1}.

} = (a—l)Re{1+%(

Since f o and f'op € S5(y) and ¢ € Cy(y), we have F, , , € C,(y), where n = aRe{% - 1}.

Corollary 1. Let y € C )\ {0} such that 0 < Re{% — 1} < 1. Suppose that f' o ¢ € S;(y) and
— 1_
¢ € Co(y)- Then F, € C, (), where n = Re{y 1}.

Proof. Putting a = 1 in Theorem 1, we obtain the result.
Corollary 2. Let a € R" and y € C\ {0} such that 0 < aRe{% — 1} < 1. Suppose that

foypand f'op €Si(cosre™) = S5(IAl < 3) and ¢ € Co(cos2e™™) = CF(1A] < 7). Then
Fia€ Cn(cos Ae™), where n = aRe{)—, - 1},
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n

Theorem 2. Let aq,a,, - a, € R and y € C\ {0} such that 0 < 1 —Re{%} D4 <1l

n

Suppose that f; o ¢ € S5(y). Then Gy 4,y ,a, €S, (1), wheren =1— Re{%} — D

Proof. From (4), we have

: 3 (0@)e' @)~ file @)
G”’“"’“l’“”"’“"(z)_;al( 2fi(p(2))

) n,w,al,a2,~~~,an(z)'

Thus we have

Grpananma® & 2 (0@ (@) — i)
- Sl )

1 2fi(p (@)
flle@)e’(z) 1
«( ey )

n L

Y\ TR eG) s

Il
.M:

1

Multiplying the above relation by z, we have

ZG;,cp,al,az,...’an(z) 1=_1 +ia_ Zfi/(w(z))w/(z) _ 1) (12)
Groar s (2) < (0@
Multiplying the relation in (12) with 1/y, we obtained
/ n
1+ 1 (ZGn,<P:al’a2,'--,an(z) _ 1) —1_ 1 _ a (13)
Y Gn’w’alaaZ:'"san(z) Y i=1
. 1 r2f{(0(2))¢'(2)
+ a; 1+ - L -1 .
Z ( Y ( file(2)) ))

Equating real parts of (13), we have

1,26, o @) 1 n
Re{1+—( n,p,aq,0g,*,0, 1)}:1—Re{—}_2al
Y\G =

L,p,a ,az,"',an(z)

i=1

Since0 <1 —Re{%} — > a;<1land f;op €Si(y), we have Gn,p.aq,00, 0, € S:‘](y), where

n=1 —Re{%} —Z?:l a;.

Corollary 3. Let y € C\ {0} such that 0 < 1 — Re{%} —a < 1. Suppose that f o ¢ € S;(7).

Then Gy, 4 € S:‘](y), where n =1 —Re{%} —a.
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n

Corollary 4. Let aq,a,, --a, € R and y € C\ {0} such that 0 < 1 —Re{%} D <l
Suppose that f; o ¢ € S;(cos Ae M) = S§(|7L| < g). Then

G pa1,a0-a, € S;(cos Ae )= Sé(lAI <), wheren=1 —Re{%} - Z?:l a;.
Theorem 3. Let ap,a,, - a, € Rt and y € C\ {0} such that 0 < Re{(% - 1) h- ai} <1

Suppose that f; o ¢ € Si(y). Then Fy o, 4. oy, € S:‘)(y), where n = Re{ (% - 1) h- ai}.

Proof. From (3), we have

n / /
fi(p()¢’(2)
/ 1
,,07,0,,0, = a; Fn,ga,a ,a ,~~~,an(z)- (14)
Pt ; (fiop)(z) v
Thus we have
Fr/l’w’al)aZJ""an(z) _ Xn:afl/((p(z))(p/(z)
Fn’tp’al’az’“Wan(Z) i=1 ' (fl o (p)(z) '
Multiplying the above relation by z, we have
ZF,/I aama(z) n o f! 2 (g n
»P,01,0, 0y _122(11’( fl((P( ))‘P()_l)_’_zai. (15)
Fn’w’al’ab'"san (Z) i=1 (fl ° (10)(2)

i=1
Multiplying the relation in (15) with 1/v, we obtained

o LeefileE)e'(x) 15
DRI e It) AEPIL D

i=1

1 (zF,’l,wl,az,...,an(Z)
Y \ F

n,p,a1,as,,x, (z)

Equating the real parts of (16), we have

efo L (emnn® ) (1)) a7)

n,(p,al,a2,~~~,an(z) i=1

Y 1 2f/(0(2)¢"(2)
+;ai{1+;(%_l)}.

Since 0 < Re{ G — 1) > ai} <1land fiop €S;(y), wehave F, , 4. a, - a, € S;(¥), where
n :Re{(% - 1) p ai}-

Corollary 5. Let y € C\ {0} such that 0 < Re{ G — 1)a} < 1. Suppose that f o ¢ € S;(y).
Then Fy , 4 € Sj;()/), where n = aRe{% - 1}.
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Corollary 6. Let a;,a,, - a, € Rt and y € C \ {0} such that 0 < Re{ (% - 1) h- ai} <1l
Suppose that f; o ¢ € S;(cos Ae )= S§(|7L| < g). Then

Fp o ayay-a, € Sf’(coske_i’l) = Sé(IM < %), where 1 =Re{ G - 1) Z?:l ai}.

Theorem 4. Let aq,a,, --a, € Rt and y € C\ {0} such that 0 < aRe{% — 1} < 1. Suppose
that f;op € S5(y) and g € Co(y). Then Hy ¢ 4. ... o € Cy(y), where n = Re{%(Z?:l a;—1) }

Proof. We have

H oo (B =(f1o@) 1 (2), -, (fr0 )" (2)g'(2).

Thus
7 . ai(fio(P)/(Z) /
Hy gy, (3= ; WHn,w,g,alwuan(Z)
+(fiow)*(2) - (faop)*(2)g" (2).
Therefore,

Hipgaa® < (fiop)(@)  g"(=)
Hil,np,g,al;n,an(z) B ;al (fl o (P)(Z) * g’(Z) '

Multiplying both side by z, we have

ZHY o ooia, B & r2(fiop)(2) u 28" (2)
»P,8,21,"",qn _ ) L _ )
H 5 =2 (ope Ut o (18)

n,p,8,a1,"",0n i=1

Multiplying both side of (18) by 1/y, we have

12Hy oo o0 @) & 1 2(fiop) (= 1< 12g"(z
= /n,%g,al, 0 _ Zai_(z(fl (P) ( ) _ 1) n _Zai _Zg/ ( ) (19)
Y Hypgaa, @ 21N (ficp)e) Y & r §'(2)
The above relation is equivalent to
12H; o, (2) & 1/2(fiop)(z
{1+_ /n,%g,al, ,Qp }:Zai{1+_( (fiop)( )_1)} (20)
Y Hpga e, (@) & v\ (fiep)(2)
12g"(2) 1 1
+{1+ Y b+ {(; -1) Dk

i=1

Equating real parts of (20), we obtain

VEH @) 1 250 0)(2)
Re{l+ 0@ b= ;“iRe{l +(Gewe V) @D
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12g"(2) 1 "
+Re{1+;zgg,(5 }+Re{(;—1) > a}.

Since f; o p € S{(y) and g € Cy(y), we have H

r=re{(2-1) T}

Corollary 7. Let y € C\ {0} such that 0 < aRe{% — 1} < 1. Suppose that f o ¢ € S;(y) and
g € Co(y). Then Hy , 4 o € C,\(y), where n = aRe{%( — 1)}

€ Cy(y), where

n,p,8,a1,,a

Corollary 8. Let aj,a,, - a, € RT and y € C\ {0} such that 0 < aRe{% — 1} < 1. Suppose
that f;o ¢ € Sé‘(cos)&e‘il) = S(’}(IAI < 3)and g € Co(cos Ae ) = Cé(IAI < 7). Then
H € C,(cosre™ ), where n =Re{$(2?:1 a;—1) }

n,y,8,x1,,a

n

Theorem 5. Let &y, a,, - a, € Rt and y € C\{0} such that 0 < Re{%—zizl ai} < 1. Suppose
that fiop € Co(y) and g € Sj(y). Then I, o ¢ 4. ....q, € Cy(r), where n = Re{ (% - 1) h- ai}.

Proof. We have

g a @ = ((Fo@) @)™ (o 9))) g ().

V2 ( )_Xn: ai(fi((po(z)))//I/

n,p,8,a1,,a, P (fi/ o (P) n,0,8,01," 0,

+ ((fro@) (@) ((faow) ()¢ ()

(2) (22)

L ogaa® & Fop)(z) gk
»P,8,A1,*,Ay — _
Ir/l,cp,g,al;n,an(z) ;al (fl ° (P)/(Z) * g(z) .

Multiplying both side by z, we have
zI” (2)

n,9,8,21,"" %y

== a
Lo @ S (fiop) ()

_i 2(foe)'@) (zg’(z)

—1)+1. 23
Y (23)

Multiplying both side by 1/y, we have

12l a@) & 12(foe) () 1,24(2 1
: ,n,ap,g,al, L0y =Zai_ (f ‘P)/ ( )_+__( g'(2) _ 1) 4+ (24)
Y Lpgapa, @ S v (ficp)(z) vt gl2)
The above relation is equivalent to
12l B €3 . z(fop)(z
14- /n,%g,al, ,an :Zai(1+_(f (P)/( )) (25)
T Lggapa, B S Y (fio ) (2)
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Equating real parts of (25), we obtain

R GO N 2 (f 0 9)"(2)
14 Re (; e ) - Re; @ (1 ot SO),(Z)) (26)
1,2¢'(2) 1 &
+1+;( g(z) —1)+Re{;—;ai}.

Since fiop € Cy(y) and g € Sg(y), wehave I, , o o ... o € Cp(y), where n = Re{%—ZLl ai}.

Corollary 9. Let y € C\ {0} such that 0 < Re{% - a} < 1. Suppose that f; o ¢ € Cy(y) and
* — 1_

g €Sy(y). Then I, , ¢ o € C,(y), where —Re{y a}}.

Corollary 10. Let aj,a,,---a, € RT and y € C\ {0} such that 0 < Re{% - Z?:l ai} <1

Suppose that f; o p € Cy(cos Ae ™) = S(’}(Ill < %) and g € Sg(cos Ae”) = Sé(lll < Z). Then
I . € Cy(cos Ae M) = C(’}(IAI < %), where 1 = Re{% — Z?:l ai}.

n,p,8,a1,,a

References

[1] A. Aleman and J. A. Cima. An integral Operator on HP and Hardy Inequality, J. Anal.
Math. 85, 157-176, 2001.

[2] A. Aleman and A. G. Siskakis. An Integral Operator on HP’, Complex variables. 28, 149-
158, 1995. 46 (1997), 337-356.

[3] A. Aleman and A. G. Siskakis. Integration Operators on Bergman Spaces, Indiana Univ.
Math. J. 46, 337-356, 1997.

[4] P N. Chichra. Regular Functions f(z) for which zf’(z) is a-Spiral-Like, Proc. Amer.
Math.Soc. 49, 151-160, 1975.

[5] C. C. Cowen and B. D. MacCluer. Composition Operators on Spaces of Analytic Functions,
CRC Press Boca Raton, New York, 1995.

[6] B.A. Frasin. Family of Analytic Functions of Complex Order, Acta Mathematica Academiae
Paedagogicae Nyiregyhaziensis, 22, 179-191, 2006.

[7] R.J. Libera. Univalent a-Spiral Functions, Canad. J. Math. 19, 449-456, 1967.

[8] M. A. Nasr and M. K. Aouf. Starlike Function of Complex Order, J. Natur. Sc. Math. 25,
1-12, 1985.



REFERENCES 255

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

C. Pommerenke. Schlichte Funktionen und Analytische Funktionen von Beschrankter Mit-
tlerer Osgillation, Comment. Math. Helv. 52, 591-602, 1977.

J. Rattya. Integration Operator Acting on Hardy and Weighted Bergman Spaces, Bull. Aus-
tral. Math. Soc. 75, 431-446, 2007.

J. H. Shapiro. Composition Operators and Classical Function Theory, Springer-Verlag, New
York. 1993.

A. K. Sharma. Volterra Composition Operators Between Bergman-Nevanlinna and Bloch-
Type Spaces, Demonstratio Math. 42, 607-618, 2009.

A. Sharma and A. K. Sharma. Carleson Measures and a Class of Generalized Integration
Operators on the Bergman Space, Rocky Mountain J. Math., 41, 1711-1724. 2011.

A. G. Siskakis and R. Zhao. A Volterra Type Operator on Spaces of Analytic Functions,
Contemp. Math. 232, 299-311, 1999.

P Wiatrowski. The Coefficients of a Certain Family of Holomorphic Functions , Zeszyty
Nauk. Uniw. Lodz. Nauki Mat. Przyrod. Ser. IT 39, 75-85, 1971.

J. Xiao. Cesaro Operators on Hardy, BMIOA and Bloch Spaces, Arch. Math. 68, 398-406,
1997.

J. Xiao. Riemann-Stieltjes Operators on Weighted Bloch and Bergman Spaces of the Unit
Ball, J. London Math. Soc. 70, 199-214, 2004.

R. Yoneda. Pointwise Multipliers from BMOA®* to BMOAP | Complex Variables, 49, 1045-
1061, 2004.



