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Abstract. In this paper, we used the generalization of the modified-Hadamard products for p-valent
meromorphic functions to obtain some results for the classes Zp S*(a,B) and Zp K,(a, ), which
represent the classes of meromorphically p-valent starlike of order a and type 8 and meromorphically
p-valent convex of order a and type f3 respectively.

2010 Mathematics Subject Classifications: 30C45

Key Words and Phrases: Analytic, p-valent meromorphic, Hadamard product.

1. Introduction

Let Zp , denote the class of functions of the form:

1 o0
f@=5+) as" (@20n2p;peN={1,23..] (0
k=n

that are analytic and p-valent in the punctured disk

Ur={z€C:0<|z|<1}=U\{0} (U={z€C:|z| <1}).

A function f(z) € >. , is said to be meromorphically p-valent starlike of order a if it is
satisfying the followiné (see Aouf and Hossen [3] and Kumar et al. [9]):

Re{—sz(—iz))}>a (0<a<p;zeU"), (2)
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also a function f(2) € Zp . is said to be meromorphically p-valent convex of order a if it is
satisfying the following (see Nunokawa and Ahuja [14]):

+J@

Re{ — -
f (=)

>a (0<a<p;zeU"). 3)

We denote by Zp S:(a) and Zp K,(a) the classes of meromorphically p-valent starlike of
order a and meromorphically p-valent convex of order a respectively, we note that

mmZKm=wf”

€2, Sn(@). 4
We note that the classes »;; Si(a) = >,5*(a) and };;K;(a) = > K(a) are the classes of
meromorphically univalent starlike functions of order a and meromorphically univalent con-
vex functions of order a respectively, which have been extensively studied by Pommerenke
[15], Clunie [6], Royster [16], Miller [10], Juneja and Reddy [8] and Mogra [12] and oth-
ers.

Moreover a function f(z) € Zp,n is said to be meromorphically p-valent starlike of order a
and type f3 if it is satisfying the following inequality (see Aouf [1] and Mogra [11]):

2f (2)
@ T

<B (0<a<p;0<pB<1l;2€U"), (5)

also a function f(z) € Zp’n is said to be meromorphically p-valent convex of order a and type
B if it is satisfying the following inequality:

1

zf (2)
f ()
of (2)
£
We denote by Zp S’ (a,3) and Zp K,(a, ) the classes of meromorphically p-valent starlike of

order a and type 8 and meromorphically p-valent convex of order a and type [3 respectively,
we note that

1+ +p

<B (0<a<p;0<pB<1l;z2€U"). (6)

1+ +2a—p

_2f (2) (2)
f(z2) €2, Knla, f) = > €2, Sx(a, B). 7)
We note that the class Y, Sj(a, ) = >,5"(a, ) was introduced and studied by Mogra et al.

[13].



R. El-Ashwah, M. Aouf, A. Hassan, A. Hassan / Eur. J. Math. Sci., 2 (2013), 41-50 43

For the functions
1 o0
fi@) =5+ D jaE" (@ 20:j=12n2p;peN), ®)
k=n

we denote by (f; * f,) () the Hadamard product (or convolution) of the functions f;(z) and
fo(2), that is,

1 o0
(fixfr) (@)= Z—p+Zak,1ak,22k- 9
k=n

For any real numbers r and s, the generalized Hadamard product (f;Af,) (r,s;2) is given by

1 & L
(flAfz)(W;Z):Z—p‘*‘;(ak,l) (axz2) 2 (10)

If we take r =s = 1, then we have

(LAf) (L, L2)=(fi*fo) (z) (z€U). 11

In the present paper, applying methods used by Choi et al. [5], Aouf and Silverman [4] and
Darwish and Aouf [7], we will obtain several results for the generalized Hadamard product
of functions in the classes Zp S*(a,f3) and Zp K,(a,B).

2. Main Results

Unless otherwise mentioned, we assume in the reminder of this paper that 0 < a < p,
0<B<1l,n>p,peNandzeU".
In order to prove our results for functions belonging to the classes Zp S:(a, ) and Zp K,(a,p),
we shall need the following lemmas given by Aouf [1, 2] see also Mogra [11].

Lemma 1. Let the function f(z) be defined by (1). Then f(2) is in the class Zp S*(a,pB) if and
only if
S [(k+p) +Bk+2a—p)] a, <26 (p—a). (12)
k=n

Lemma 2. Let the function f(z) be defined by (1). Then f(z) is in the class Zp K,(a,pB) if and
only if

o0

k
ZI—)[(k+p)+[3’(k+2a—p):|ak§2[5(p—a). (13)

k=n
Applying Lemma 1 and Lemma 2, we derive:

Theorem 1. If the functions f;(z) (j = 1,2) defined by (8) are in the classes Zp S:(a;, B) for

each j, then
1 r-—-1
(hAf) (o, ——32) € X, 511, B), (14)
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where r > 1 and

k+ 1+
ktp+p(k+2a;-p)\ 7 [ k+p+B(k+2a-p)\ .
26 |1+ ( 26(p—a1) ) ' ( 26(p—a,) ) '

Proof. Since f;(z) € 3., S;(;,B) (j =1,2), by using Lemma 1, we have

i ((k+p)+[3’(k+2a]~—p)

)ak,jg (i=1,2).

k=n 2[3 (p - aj)
Moreover,
1
> ((k+p)+ﬂ(k+2a1—p)) r
> Gt <1,
k=n Zﬁ (p - al)
and
r—1
[ (k+p) +B(k+2a,—p) r
> s <1.
k=n 2p3 (P - a2)
By using Holder inequality, we get
1 r—1 1 r—1
= (k+p)+Bk+2a,-p)\ 7 ( (k+p)+B(k+2a;—p) - - —
; ( Zﬁ(p—al) ) ( 2/3(p—a2) ) (ak’l) r (ak,Z) r =1
Since
1 1 1 © 1 r—1
r— z S
e — k
(f1Af2) (;, T,Z) = +kz:r:l (ar1) 7 (axz) r 25
we see that
& (((k+p) +Blk+2y —p) ==
5 ) (ara)” (ara) 7 <1
~ 28(p—-7)
with
: (k+p) 1 +5)
< —
r= Il?zlg 17 1 r—1 } )
k+p+B(k+2a1-p) "\ 1 (k+p+ﬁ(k+2a2—p)) r
26 | 1+ (™) 26(o—2)

44

(15)

(16)

(17)

(18)

19

(20)

2D
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Thus, by using Lemma 1, the proof of Theorem 1 is completed.

Corollary 1. If the functions f;(z) (j = 1,2) defined by (8) are in the class Zp S>(a, B) for each
j, then

1 r—-1 .
(hoh) G, —=m) € X, Si(@p) (r>1). (22)
Proof. In view of Lemma 1, Corollary 1 follows immediately from Theorem 1 by taking

aj=a (j=1,2).

Theorem 2. Let the functions f;(z) (j = 1,2) defined by (8) are in the classes Zp K,(aj, B) for
each j, then

1 r-1
(flAfZ) (;: T;Z)EZPKH(Yaﬁ)> (23)
where r > 1 and v is defined by (15).
Proof. Since f;(z) € Zp K,(a;,B) (j =1,2), by using Lemma 2, we have

o (kY [ (k+p) +B(k+2a;—p) .
Z(P)( Zﬁ(p—aj) )ak,Jfl (i=1,2). (24)

k=n

Thus the proof of Theorem 2 is similar to that of Theorem 1 where Lemma 2 is used instead
of Lemma 1.

Corollary 2. If the functions f;(z) (j = 1,2) defined by (8) are in the class Zp K, (a, ) for each
j, then
1 r-1
(flAfZ) (;’ T;Z)EZpKn(a:ﬁ) (1’ > 1) (25)
Proof. In view of Lemma 2, Corollary 2 follows immediately from Theorem 2 by taking
aj=a (j=1,2).

Theorem 3. Let the functions f;(z) (j = 1,2,...,m) defined by (8) are in the classes Zp Si(a;,B)
for each j, and let the function F,,(z) defined by

Fm(z):zlp-'_kz .Zl:(ak’j)r 2 (zeU%r>2). (26)
=
Then F,,(z) € Zp S (Yms B) (z € U), where

m(1+8) (n+p) [26(p—a)]"

mSPp— r T (27)
=P omp [26 (p—a)] +26 [n+p+ B (n+2a—p)]
where
a= 1rSr}'ifnm {aj} (28)
and

[m(1+B) (n+p)—2Bpm] [2B8(p—a)] <2Bp[n+p+B(n+2a—p)]" (29)
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Proof. Since fj(z) € Zp S, (a;, B), by using Lemma 1, we obtain

i ((k—l—p)-l—[a’(k—i—Zaj—p)

;<1 (j=12,..., m), (30)
2/5(?—0‘]') ) ©

k=n

X [ (k Blk+2a;—p)\" r X [ (k Bk+2a;-p) '
2 (( +pg;(p_:f) P ) (as) < {kz (( +p3;(p_;2) P )ak’j} <1. (31)

and

k=n

It follows from (31) that

00 m k k i~ ' r
$ %Z(( +p) +B( +2)a1 p)) (a)) } <1. (32)

2p (p—aj

Putting
a = min {a‘}
1<j=m U707

and by virtue of (32), we find that

< ((k+p)+Bk+27,—p) <& r & (k+p)+B(k+2a—p) " & r
2 ( pzra'(p—ymg - )El (ak,j) <X {i (W) > (ak,j) }

k=n k=n j=1
o | 1 < [ (k+p)+BU+20;-p) | " .
SkXZT:l ;j:1( 2B(p—a;) ) (ak’j) =1 (33)
' (148) (k+p) 26 (0~ )]
m(1+ +p)|2B(p—a
<p- : = (k=n). 34
Ym =P 2mB 2B (p—a)] +2B [k+p+B (k+2a—p)] (k=n) (34)
Now let
m(1+6) (k+p) [26 (p—a)]"
k)=p-— k>n).
=P B P (-] +26 (ktp+h(k+2a-p)] "
Then
2[5m(1+[3’)[2[3(p—a)]r{[k+p+[5(k+2a—p)]r_1[(1+[3)(k+p)‘
) (r=D+28(p-a)]-m[28 (p-)]'}

(Zmﬁ [26(p—a)] +28 [k—l—p+[5(k+2a—p)]r)2

2m(1+B) [28(p—a)]" {2Bp [n+p+pB (n+2a—p)] [k+p+pB(k+2a
—p)1" " [(1+B) (k+p) r =1 +28 (p—a)]
—2Bmp [n+p+p (n+2a—p)] [26 (p—a)]"}

:2[3p [n+p+B(n+2a—p)](2mp[26(p—a)]" +2p [k+p+ﬁ(k+2a—p)]r)2
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A

B(k)’

where

A(k)=2pm (1+B) [2B (p—a)]"{2Bp [n+p+pB (n+2a—p)] [k+p+6-
(k+2a-p)]" ' [(1+B) (k+p) r =D +2B (p—a)] —2Bmp [n+p + B (n+
2a—p)][2B(p - a)]r} (k>n).

Then

A(k) =2pm (1+8) [28 (p—a)]"{2Bp [n+p+B (n+2a—p)]" [(1+8) (k
+p)(r—-1)+2B(p—a)] —2Bmp [n+p+pB (n+2a—p)] [2B (p—a)]r}

Using (29), we have
A) =28 (n+p)m® (1+B)° 26 (p—)]* {r=1) [B(n—p) + (n+p)] —2aB} >0,

forall0<a<p,0<f <1,n>pandr > 2 Then we have g’(k) >0 for all 0 < a < p,
0<fB<1,n>pandr>2. Hence

m(1+p) (n+p) [26(p—a)]"

<p-— . (35)
=P omB (26 (p— )] +26 [n+p+B(nt2a—p)]
Using (29), we can see that 0 < y,, < p. Thus the proof of Theorem 3 is completed.
Taking r =2 and a; = a (j = 1,2,...,m) in Theorem 3, we obtain the following corollary:

Corollary 3. Let the functions f;(z) (j =1,2,...,m) defined by (8) are in the class Zp S*(a,p)
for each j, and let the function F,,(z) defined by

1 o0 m
F.(z)= - + kZ (Zl (ak’j)z) K (zeUu?). (36)
— \ =
Then F,(2) € Zp S7(6m, B) (z € U), where

5 —p m(1+6) (n+p) [26 (p— )]’ 37)

omB 2B (p—a))?+2B [n+p+B(n+2a—p)]>

and
[m(1+p8) (n+p) —2Bpm] [26 (p—@)]* <2Bp [n+p+f (n+2a-p)]*.  (38)
The result is sharp, the extremal functions are

_ 1 2[5([)—(1) n
fj(z)_z_P+ (n+p)+ﬁ(n+20t—p)Z

(i=12,...,m). (39)
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Taking f =p =1, m=2 and n =1 in Corollary 3, we obtain the following corollary:

Corollary 4 ([8, Theorem 101). Let the functions f;(z) (j = 1,2) defined by (8) are in the class
> Si(a,1)= > S*(a) for each j, and let the function F,(z) defined by

1 o0
BE=-+y (¢, +a,) (zeU?). (40)
k=1

Then Fy(z) € Y.S*(6,) (z € U*), where

L 4(1—-a)? 1)
T A+ a)P+20-a)
and
3—-2vV2<a<1. (42)

Theorem 4. Let the functions f;(z) (j = 1,2,...,m) defined by (8) are in the classes Zp K,(a;, B)
for each j, and let the function F,(z) defined by (26). Then F,,(z) € Zp K,(un, B) (z€U),
where

m(1+p) (n+p) [28(p—a)] P

i =P B (2B (p— )] p™ 3+ 26 [n+p+ B (n+2a—p)] w (r=2), @3
where
a=min {a}
and
[m(1+/3) (n+p)pr_1—2[5mpr] [28(p—a)]"<2Bp[n+p+B(n+2a—p)] nL
44

Proof. Since f;(z) € Zp K,(a;,8) (j=1,2,...,m), using Lemma 2, we obtain

00 k k P —
Z(E)(( +p) + Bk + 20, p))am51 (j=1,2,...,m). 45)

k=n p 2[3 (p - aj)

Thus the proof of Theorem 4 is similar to that of Theorem 3 where Lemma 2 is used instead
of Lemma 1, therefore it is omitted.

Takingr =2and a; =a (j=1,2,...,m) in Theorem 4, we obtain the following corollary:

Corollary 5. Let the functions f;(z) (j = 1,2,...,m) defined by (8) are in the class Zp K,(a,B)
for each j, and let the function F,,(z) defined by (36). Then F,(z) € Zp K,(A,,B) (z€U"),
where

_ m(1+8) (n+p) [28 (p—a)]’p
2mp [2B (p—a)]*p+2B [n+p+B (n+2a—p)]*n’

An=PD (46)

and

[m(1+8) (n+p)p—26mp*] [26 (p—a)]* <2Bp [n+p+f (n+2a—p)]*n. (47)
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Taking f =p =1, m=2 and n =1 in Corollary 5, we obtain the following corollary:

Corollary 6. Let the functions f;(z) (j = 1,2) defined by (8) are in the class
21 Ki(a,1) = D.K(a) for each j, where a satisfy (42) and let the function F,(z) defined by

(40),

then Fo(z) € Y, K1(65,1) = Y, K(6,), where &, is defined by (41).

Remark 1. Putting f = p = 1 in all the above results, we obtain the results obtained by Aouf
and Silverman [4].
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