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General Integral Operators of p-valent Functions
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Abstract. In this paper we study new general integral operators of p-valent functions, which have to
cover several integral operators from literature. We give sufficient conditions for these operators to be
p-valently starlike, p-valently close-to-convex, uniformly p-valent close-to-convex and strongly starlike
of order 7 (0 <7 <1) in U (open unit disk).
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1. Introduction

Let szp denote the class of functions of the form

o0
fz)=2" + Z az’, a;>0,pe{l,2,..}, z€U (1)
j=p+1
or
Oo .
f(z):zp— Z ajz], ajZO,pG{l,Z,...}, zeU (2)
j=p+1

which are analytic in the open unit disk U = {z : |z| < 1}. We note that ./} = .&/.
A function f € .4/, is said to be p-valently starlike of order (0 < 8 < p) iff

zf'(2)
Re( o) ) > (zelU).
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We denote by %*([3’) the class of all such of functions. On the other hand, a function f € .¢/,
is said to be p-valently convex of order 8 (0 < 8 < p) if and only if

Re (1 + zf”(z)) >fB (zeU).

f'(2)

Let ¢}, be the class of all these functions which are p-valently convex of order § in U.
Furthermore, a function f(z) € .¢/, is said to be in the class 6,(f3) of p-valently close-to-
convex functions of order 8 (0 < 3 < p) if U iff

Re (f())>[5 (ze€l).

It is easy to be seen that 5/;)*(0) = yp* and 6,(0) = 6, are, respectively, the classes of
p-valently starlike, p-valently convex and p-valently close-to-convex functions in U. We also
note that 7 = S*, #; = & and 6, = 6 are, respectively, the well known classes of starlike,
convex and close-to-convex functions in U.

A function f € .¢f, is said to be in the class % 6 ,(f3) of uniformly p-valent close-to-convex
functions of order § (0 < 8 < p) in U iff

zf'(2)
e ( g(z) ﬁ) -

for some g(z) € %<, () where % & ,(3)is the class of uniformly p-valent starlike functions
of order 8 (—1 < 8 < p) in U that satisfies
zf'(z

zf'(z
MEOEAR
f(2) f (Z)
The uniformly starlike functions are firstly introduced in [8].
The purpose of this paper is to find the sufficient conditions for two generalized opera-

tors in order to be p-valently starlike, p-valently close-to-convex, uniformly p-valent close-to-
convex and strongly starlike of order 7 (0 < 7 < 1) in U (open unit disk).

2f'(2)
g(z)

—p‘ (z€U)

’( ev). (3)

2. Preliminary Results

Definition 1 ([2]). Let B,A€R, >0, A>Oandf(z)—z+2 a;z/. We denote byDﬁ the

linear operator defined by

j=2 J

DY :A—A, Dif(x)=z+ Y. [1+(—1DAfajsl. 4)
j=n+1
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Remark 1. In [1] we have introduced the following operator concerning the complex functions
with negative coefficients:

DY :A—A, Dif)=z— Y [14(-1Afa;l. (5)
j=n+1

The neighborhoods concerning the class of functions defined using the operator (5) is studied in

[5]

Remark 2. We have introduced and studied the following operator concerning the functions
feS, S={f €. :fisunivalentin U}:

[1-2A(k—1)]F1 14¢

. . . . k
[1- A, (k—1)]F k+c Clnk)-a -z (6)

DyF F@) = (s xf)) =z% )

k=2

where C(n, k) = (n(Jlr)l)" L. (n)y is the Pochammer symbol; k > 2, ¢ > 0 and Re{c} > 0; z € U.

Remark 3. If we denote by (x); the Pochhammer symbol, we define it as follows:

(x) = 1 fork=0,x e C\ {0}
= x(x+1D)(x+2)-...-(x+k—1) forkeN—{0}andxeC’

The following generalised integral operators are univalent for all n € N — {0} under given
conditions:

1
B

nyy\2y,—17 0 ny\2y2—1
)= ﬁftﬂalﬁ[(w“f)(rw } [(mf)(r)w ] W o

o
j=1 t

where a,y1,72,8 € C, Rea = a > 0 and DA oy fi(z) € A, A,A3,k 20,0 €ER, j = 1,p,
pEN, Dglezfj(zn) of form (6) and

B ny\2y;—1 B n\\2y,—1 57 !
I*(z) = f 0 11_[ [((D STV } [—(D DT ] dty , (8)

t? t9

where a,y1,72, ¥ €C, Rea =a > 0 and Dgfj(z) ed,>0,1>0,0 <R, Dgf(z”) of form
(5).

We will make use of the following Lemmas in order to derive our main results.
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Lemma 1 ([10]). If f € ./, satisfies

Re{1+

then f is p-valently starlike in U.
Lemma 2 ([6]). If f € .¢/, satisfies

z2f"(2)
f'(2)

then f is p-valently starlike in U.
Lemma 3 ([14]). If f € .¢, satisfies

zf"(2)
f'(2)

}

+1-p

2 //(Z)

Re{1+ f

f'(2)

}<p—|—

(1+a)(1-b)

108

L1
< —
PTy

(z€l),

<p+1 (ze€l),

+b
d zel),

where a >0, b > 0 and a+ 2b < 1, then f is p-valently close-to-convex in U.

Lemma 4 ([3]). If f € @/, satisfies

2 1(z)

Re{1+—f’(z)

}

1
<p+:

3 (€U)

then f is uniformly p-valent close-to-convex in U.

Lemma 5 ([12]). If f € .o/, satisfies

zf"(z)| _p
Re{1+ ) }>Z_1 (z€l),
then
z2f'(z) _ /P
Re +f(z) >7 (ze€l).
Lemma 6 ([11]). If f € &/, satisfies
5"(2)
Re{1+ ) }> -3 (z€l),
then )
2f'(z T
arg o) > ET (z€U).

We take into consideration the general integral operator of form (7) (or (8)), for which we

study the sufficient conditions to be p-valently starlike, p-valently close-to-convex, uniformly
p-valent close-to-convex and strongly starlike of order 7 (0 < 7 < 1) in U, giving also several
examples which prove its relevance.
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3. Main Results

If we consider that 86 —1 =0 =p (or y6 —1 = ¢ = p) and the function f(z) of form
(1) or (2), we derive the following:

D ny\2y;—1 5] DY F.(£))2r2— 1 612
I (z)= f P 1 l_[ [(( A2fJ(t ) } [( 1.2, 51 () ] dt )]

=

tP

with respect to the general integral operator I'(z) of form (7) and

; m B (+1Y\2r1—1 6} B (+1)) 2721 6?
) Xpr"‘ll_[ [((le](t ) } [(Dm(t ) ] . 00
0 =

tP tP

from the general integral operator I?(z) of form (8).

Further we give sufficient conditions for the operator I;(z) of form (9) to be p-valently
starlike, p-valently close-to-convex, uniformly p-valent close-to-convex and strongly starlike
oforder 1 (0 <7 <1)inU.

3.1. Sufficient Conditions for the Operator [ ; (2)
For further simplification, we note the integral operator I ; (z) of form (9) as follows:

a B
{((Dgg‘;f}( "))%—1] )
dt y

" (11)

I=1{p f o [

=1
0 a€]{1,2}
where D; Kllfj(z”) = (DA o f](z”))’ and D; Kffj(z") = Dg’l'flzf](z") DA o fj(z") is of form
(6), z € U.
We firstly study the sufficient conditions for the operator I ; to be in 5/;)*.

Theorem 1. Let 5;.1,ya €C ae{l,2},j=1,m meN-{0} If f; € o, forall j =1,m
satisfies
R z2[(D}" fi(= z"))Hea 1Y N
e — <p
(D55 fi(z))ret

(z€U), (12)

04
J

Mz~

4.
1
1,2}

where D)L N f]( g") = (DA o f](z"))’ and Dg Klzf](z") = Dg’l'flzf](z") zeU, D)L o fi(z") is of
form (6), then Ip (2) is p-valently starlike in U.

Mm <.
~

a
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Proof. From (9) (or (11)) we see that I;(z) € .o,. Moreover, by differentiating (11)
logarithmically, multiplying by z and adding 1, we have

@y fEPa 7%
ptPL "2 | —222—— | dt
ABEY 1-p [f - 7
p fry .

ae{1,2}
1 r n,x,a n a— 64
[IP(Z)] 5 fptp 1 l—[ - |:((D1112f1(t ))2r 1i| Jdt_
p
aé{1,2} !

/

1+

(13)

u m 2(D}"5 fizM))
+p|1- &% |+ 5‘.’(2ya—1)-nz"‘1~+.
20| 29 e

ac{1,2} ae{_l,Z}

Next we take the real part of (13) and consider the conditions of the integral operator (7),
from where we obtain the following

B _1-p < m s[O3 ST
Re|1+—= < +p|1- 51 [+ ), 89Re |~
e ( [I;(Z)]/ ) ﬁ p ; J ]Zl: J € ( M lzf](zn))Z)/a—l
a€{1,2} a&{1,2}
(14)

From (14) and (12), we obtain that

2] 1-p8 m m 1
p a a
Re(1+ Ty ) < 5 +p|1- Z 5 | + Z & p+r—m— | 15
p j=1 =1 4. Z §5¢
ae{l1,2} ae{l1,2} i J
as{1,2}
il L (16)
= ﬁ p 4_
Applying Lemma 1 to an integral operator of order <, we immediately obtain that I ; () e
L.
P

Remark 4. If f = 1 we can just use Lemma 1 to (15), which directly follows to I ;(z) € 3})*

B (1)) .
(B =1), where (15) becomes Re | 1+ —+——=- | <p+ 3.
1G] 4

Remark 5. Let 5} = 0. Then, for all j = 1,m, m € N — {0}, we obtain the following integral
operator:

1
4 2 B

m [(D5N, ()21 %
'(z) = ﬁfptp_l- [ Mot } de} . a7
j=1

tP
0
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On the other hand, if & ]2 = 0, we obtain the following integral operator:

ny)2y;—1
1%(2) = fptp 1 ]‘[[ “[](t ) } dep . (18)

Corollary 1. a) Let 5} =0, 5}2,)/2 €C j=1m meN-{0} If f; € o, foral j=1,
m € N — {0}, satisfies
[z[(D;;';zﬁ(z”))%-l]’} .
= <p
(D35, fi(zM)2r 4.

3

(z€U),
52
J

Mz| =

1

J

where DA o fi(z") is of form (6), then I;l(z) of form (17) is p-valently starlike in U.

b) Let 5}2=0, 5},}/1 €C, j=1,m, meN—{0}. If f; € ., for all j =1,m, m € N — {0},
satisfies

{ (D}, fiEMY Y
Re

1
Yoy <pt—p— (z€l),
((Dll,lz'fj(zn)) )2}/1 ! :| 4. Z 5].

where DA o fij(z") is of form (6), then I;z(z) of form (18) is p-valently starlike in U.

Furthermore, if j =p =1, 51 =s5lec, 52 62 € C and D)L o f1(z™) = Azf(z") in
Theorem 1, we have:

Corollary 2. If f € ./, a € {1,2}, satisfies the following condition

[2[(D"’K’“f(z”))%‘”/]
(zeU)

1
_|_—
4 [1 &

asf{l1,2}

(O F P

[ (D35, f(e)y?ra=t

tP

6 B
} dt} is starlike in U, for any v1,7, € C,

then {[J’fptp_l - 11

a€{1,2}
Dy f (&) = (D}, f(z") and D3 £ (") = D" f(z"), where D", f(z") is of form (6),
j=1,z€l.

Moreover, if we take 51 07 2 = § € C in Corollary 2, we have the following result:
Corollary 3. If f € ./, 6 € C, a € {1,2}, satisfies the condition
2[(DL f @))Xre
(D5 F (e

1
1+4_6 (ZEU),
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z 9]
then f I1 i| dt is starlike in U, for any y1,y5 € C,
0 a<{1,2}
D}™! f(z") = (D}, F(z") and D} f(z") = D}, f(2"), where D}, f(z") is of form (6),
j=1,z€l.

Theorem 2. Let 5;.‘, Y« €C a€f{l,2}, j=1,m. Iff; € o, foral j=1,m m €N - {0},
satisfies

[(Dg'l'ifzf(t"))%-l
t

z[(D nKaf(Zn))ZY“_l]/ +1
S —p| < — (zeU), (19)
(D32, fi(z™) 4. Y 5¢
i=1
as{1,2}
where D! £.(z") = (D™, f.(z")) and D™ f,(z") = D™, fi(z"), z € U, D™ . f.(z") is of
A2l A An) AT 21,207 AAJ

form (6), then Ip (2) is p-valently starlike in U.
Proof. We make use of (13) and the hypothesis (19) and obtain

Z[Il(z)]” 71— m [ n K, af (zn))2ya—1]
+%—p 5—[5-’_ Z oF :K)CLIZJ 2.1 P
1] | & D5 Fy M)
as{1,2}
1= & |PLORNfGmPeY
<—ﬁ + Z 6 :1’(}:12 ’ 297 —1 —-p
BT o YOy
ae{1,2}
1-— = +1 1—
<T[5+ Z 6§ pm = ﬁﬁ+p+1.
i=1 . a
ae]{l,Z} 4 Zl 51

aE{_l,Z}

Using Lemma 2 for an integral operator of order + 5> e get I; (z) e <, * immediately.

Remark 6. If B = 1 we can just use Lemma 2 to the relation above, which directly follows to
I ; (2) e y; (B = 1), under the condition (19), from where we obtain

2[1)(2)]”
@)

Letting j=p=1,Vj=1,m, m e N — {0}, 5%=51 eC, 5%=52€(C
and Dg’:)tzfl (z") = DZ’:AZf(z”) in Theorem 2, we have:

-pl<p+1

i+

Corollary 4. If f € ./, a € {1, 2}, satisfies the following condition
2[(DYS 5 f ()2t . 2 -

D —— - 1| < ——— (ze€U),
(D35, f z))?rat [T &°

ae{1,2}
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[ (D" f(e))at

t

Z
then { f I1

0 as{1,2}
DZ’l’filzf(z”) = (Dgflzf (") and DZ’l’ffo(z”) = DZ’:AZf (z"), where Dgflzf (2") is of form (6),
(j=1),z€U.

6¢ B
} dt} is starlike in U, for any y1,79 € C,

Moreover, if we take & % =0 f = 6 € C in Corollary 4, we have the following result:
Corollary 5. If f € ./, 6 € C, a € {1,2}, satisfies the condition
n,K,a n 2’)/‘1—]_ /
2[(D} f @))e ]
n,K,a 2y,—1
(D F @)

2
<= (ze€l),

-1
o

t

Z 9] B
then [J’f I1 } dt ; is starlike in U, for any y;,7, €C,
0 as{1,2}
D;’:’;zf(z”) = (DZ’:AZf (z)) and D;’:’fzf(z”) = D;,:Azf (z"), where D;tflzf (z") is of form (6),

(j=1),zeUl.

[ (Df5 fe)Pra?

Next we apply Lemma 3 and Lemma 4 and we obtain sufficient conditions for I ; to be
p-valently close-to-convex and uniformly p-valent close to convex in U.

Theorem 3. Let 5}’,yv €C vefl,2}, j=1,m If f; € o, forall j =1,m, m € N— {0},
satisfies

B[(D} f (21 a+b
1,7v2
Re (D™ (ary)ar ] <p+ — (ze€l), (20)
A,Az?) (1+a)(1-b)- &Y
j=1
v€]{1,2}

wherea >0, b >0, a+2b <1, Dg’l'filzfj(z”) = (D;’l'flzfj(z”))’ and D;’l’ffzfj(z”) = D;’l'flzfj(z”),

zeU, D?tflz fij(2") is of form (6), then I J;(z) is p-valently close-to-convex in U.

Proof. From (14), together with (20), and making use of Lemma 3 for an integral operator

of order %, we have I;(z) € 6y(a) (0<a<p).

Letting j=p=1,6;=6"'€C,62=65*cCand D:{’lklzfl(z”) = D;’l'{lzf(z") in Theorem 3,
we have:

Corollary 6. If f € ./, v € {1, 2}, satisfies the following condition

s[(DY") f (M)t a+b
(Dn’lK’sz(zn))ZYU_l < p + m (z € U)’
At (1+a)(1-b)- Y &Y
vefl,2}

Re
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[( ey paypre 0

Z B
wherea >0, b >0, a+2b <1, then {[a’f - } dt} is close-to-convex

0 ve{l,2}
in U for any y1,75 € C, Dn o 1f(z”) = (DY KA f(z") and D" * zf(z”) = Azf(z”), where
x f(2") is of form (6), (] 1) zeU.
Moreover, if we take 51 o 2 = § € C in Corollary 6, we have the following result:

Corollary 7. If f € ., 6 € C, v € {1, 2}, satisfies the condition

z[(Dnva(zn))ZyU 1] a+b U
or ey | Praraa-ne “Y

0 ve{l,Z}
convex in U, for any vy, v €C, an 1f(zn) = (D}" zf(zn))/ and DnKzf(Z") ,Azf(zn);
Al 2 f(&") is of form (6), (j = 1), z cu.

Theorem 4. Let 5;?,)@1 €C,ac{l,2}, j=1,m. If f; € o, for all j =1, m satisfies

2 RGO K
where a > 0, b > 0, a+ 2b < 1, then [a’f I1 — dt is close-to-

2[(D5" £

(D5 f G } =

(z € U), 21

5

Mz~

1
1,2}

Mm <.
~

a
where DZ’l’filzfj(z") = (D;’l’flzfj(z"))’ and Dg’l'fizzfj(z") = DZ’l’flzfj(z”), zeU, DZ’l’flzfj(z") is of
form (6), then I; (2) is uniformly p-valent close-to-convex in U.

Proof From (14), together with (21), and making use of Lemma 3 for an integral operator
of order 1 5> We get Il(z) E U6 ,(a) (0<a>p).

Letting j=p=1,56] =6' €C, 62 =6*€ Cand D}’ KA f1iz™) = "KA f(z™) in Theorem 4,
we have:

Corollary 8. If f € ./, a € {1, 2}, satisfies the following condition
2[(D") f (M) N 1

e — pt——r

(D F e 3 5

ae{1,2}

(z€l),

z @I Fem)rat 0 g
then [a’f I1 [12%] dt p is uniformly close-to-convex in U, for any
0 as{1,2}
Y172 €C DY (") = (D3, f(=") and D37 £ (") = D", f(a"), where D)%, f(z") is

of form (6), (] = 1), zeU.



D. Breaz, I. Dorca / Eur. J. Math. Sci., 1 (2012), 105-119 115
Moreover, if we take 51 h 2 = § € C in Corollary 8, we have the following result:
Corollary 9. If f € ./, 6 € C, a € {1,2}, satisfies the condition

Dn,K,a n\\2y,—17/
y [2[( () ]]

(D55 @)t

1
p+% (ZEU),

t
0 as{1,2}
Y172 €C, D35 f(z") = (D}, f(z")Y and D} f(z") = D}, F(z"), D}, f(z") is of form
6), (j=1),z€U.

f (D37, F ()T ’
then < B f [T |—=2————| dt; isuniformly close-to-convex in U, for any

Theorem 5. Let 53.1,)/‘1 €C a€f{l,2}, j=1,m If f; € &, for all j =1, m satisfies

pra n\\2y—17/
e
as{1,2}
then
Re M > /P (z€U),

ne)

where Dy Kll fiE) = (Dl % f;(&M) and DY’ Kff](z”) = D;’:lzfj(z”) z€U, Dl 5, fi(E") is of
form (6).

Proof. From (14) and (22) we get

z[1)(2)]” m n 3p+4 p
p a a —_— —
Re(l—l-W >p| 1- Z 5]- + Z 5}" p————— _4 1.
p j=1 j=1 4. Z o¢
E ':1 ]
ae{1,2}

We apply Lemma 5 and we get

(z€l).

Letting j=p=1,61=6'€C,62=6*cCand D" N fl(z”) = Dg’lksz(z”) in Theorem 5,
we have:
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Corollary 10. If f € ./, a € {1, 2}, satisfies the following condition

A 2[(D5" f(EM)) 3 -
e —_—— (= ,
(D550 f (@)t 40 % g
asf{l1,2}
then
z[Ill(z)]’ 1
W > E (Z S U),

Moreover, if we take & = =067 2 = § € C in Corollary 10, we have the following result:

Corollary 11. If f € .«f, 6 € C, a € {1, 2}, satisfies the condition

{ LD f @) } : ew
nK.a - — >_—m z € ,
(O F )T i 3 s
asf{l1,2}
then
z[1] (Z)]’ 1
I (z) 5 (z<U),

Furthermore, if we take 6 = 1 in Corollary 11, we have the following result:

Corollary 12. If f € ./, 6 € C, a € {1, 2}, satisfies the condition

ADRSCOT Y] s
e >—— (z€l),
(D55 fE)ret 4
then
2[I}(z)] 1
W > E (Z S U),

Remark 7. The sufficient conditions for the operator Ig(z) of form (10) can be obtained in a
similar way.

3.2. Strong Starlikeness of the Integral Operator II} ()

Theorem 6. Let 5;‘,ya €Cac{l,2}, j=1,m Iff; € o, foral j=1,m, m € N— {0},
satisfies

DKa n\\2y,—1

2[R f ()T )

Re >p—

(D} fy )] S @3)

Y
m
2. >
j:
asf

1
1,2}
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then I1 is strongly starlike of order v (0 < y < 1) in U, where D; Kllfj(z”) = (D7L A fj(z”))’ and
Zkff](z”) = Al,Asz(zn) zeU, D)L % f;(&") is of form (6).
Proof. Applying Lemma 6 and making use of (14), it follows that I ; is strongly starlike of
ordery (0 <y <1)inU.
Letting j=p=1,6;=6"'€C,62=6*cCand DA S, 1E = Dg’l'flzf(z") in Theorem 5,

we have:

Corollary 13. If f € ./, a € {1, 2}, satisfies the following condition

2[R f (")) .
Re Dok af( my2ra >1-—
( z Z 5a

ADAZ
ae{1,2}

(z€U),

t

z (DPe f(em))ra r . .
then [J’f [ |—=————| dt; isstrongly starlike of order y (0 <y < 1)in U,
0 a<{l,2}

where D;tkklf(z”) = (DZ’:AZf(z”))’ and D”Kzf(z”) =Dy 2f(z”), z€U z€U ze€U,
) 2f(z”) is of form (6).

Moreover, if we take & 1= 52 6 € C in Corollary 13, we have the following result:
Corollary 14. If f € ./, 6 € C, a € {1, 2}, satisfies the condition

nKa n\)2y,—1
Re[ 2[(D}L £ (™) ]]>

Y
1-— U),
(DY F Gy et
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then [J’f I1 [”f} dt } is strongly starlike of order vy (0 <y < 1)in U,
0 a<{1,2}

where D"K 1f(z") = (D} KA f(z™) and D”Kzf(z”) = ”Kl f(z"), z € U, DY Kl f(z") is of

form (6)

Remark 8. The strong starlikeness of the integral operator Iﬁ(z) of form (10) can be obtained
in a similar way.

Example 1. Let f =0in Dﬁf(z) of form (4) (or (5)), n =1. So we have that D f(z) = f(2),
VA > 0,f(2) of form (1) (or (2)). We will use this form of the integral operator, where the
function f is of form (1) with respect to the operator (10). For further simplification, we consider
thaty; =y,=1,and 6 =1

Ify =1, 5 0,Vji=1,m, meN—{O}andweconszder62—a Vji=1,m, meN-{0},

we obtain the operator F,(z) = f ptP~! ]_[ (%f)) dt, which is recently studied in [7].
0 j=1
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Remark 9. There are other integral operators in literature for whom the sufficient conditions for
these operators to be p-valently starlike, p-valently close-to-convex, uniformly p-valent close-to-
convex and strongly starlike of order T (0 < T < 1) in U (open unit disk) is covered by this paper
(e.g. see [4,9, 13]).
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