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Abstract. In this paper, the author introduces the notion of (2j, k)-symmetric conjugate functions.
Several new classes of analytic functions with respect to (2j, k)-symmetric conjugate points are intro-
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1. Introduction, Definitions And Preliminaries

Let .« denote the class of functions of the form
o0
f(z)=z+Zanz" a, >0, (D
n=2

which are analytic in the open disc = {z € C\ | z |[< 1} and & be the class of functions
f € ./ which are univalent in %.

We denote by &*, ¢, # and €* the familiar subclasses of . consisting of functions
which are respectively starlike, convex, close-to-convex and quasi-convex in % . Our favorite
references of the field are [3, 4] which covers most of the topics in a lucid and economical
style.

Let f(z) and g(z) be analytic in %/. Then we say that the function f(z) is subordinate
to g(z) in %, if there exists an analytic function w(z) in % such that |w(z)| < |z| and
f(2) = g(w(z)), denoted by f(z) < g(z). If g(z) is univalent in %, then the subordination is
equivalent to f(0) = g(0) and f(%) C g(%).
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A function f(z) € ./ is in the class ,Sﬂsk(q’)) if and only if it satisfies the condition

zf (=)
<¢(z), (ze%),
AR
where ¢ € 2, k is a fixed positive integer and fi(2) is defined by the following equality
k-1
1
filz) = % Z e Vf(eVz) (e =exp(2m/k); 2 € U). (2)
v=0

The class ysk(qb) is called the class of functions starlike with respect to k-symmetric points.
Similarly, a function f € .« is said to be in %sk(qﬁ) of functions convex with respect to k-
symmetric points if and only if

(2f (@)
fi)

where ¢ € &, k is a fixed positive integer and f;(z) is defined by the following equality (2).
The classes ,ngk(gi)) and %sk(gb) were introduced recently by Wang, Gao and Yuan in [7].

Let k be a positive integer and j = 0,1, 2, ...(k —1). A function f € .« is said to be
(j, k)-symmetrical if for each z € %

<¢(z), (zew),

f(ez) =€l f(2), (3)

where ¢ = exp(27i/k). The family of (j, k)-symmetrical functions will be denoted by 9‘% . We
observe that 9’21,9'20 and 9'k1 are well-known families of odd functions, even functions and
k-symmetrical functions respectively.

Also let f; (z) be defined by the following equality

155 f(e"2) .
fj,k(z)=E;) , (fed;k=1,2,...;7=0,1,2,...(k— 1)), 4)

evJ
where v is an integer.
It is obvious that f; ;(2) is a linear operator from % into % . The notion of (j, k)-symmetric
functions was introduced and studied by P. Liczberski and J. Polubinski in [5].

Al-Amiri, Coman and Mocanu in [1] introduced and investigated a class of functions star-
like with respect to 2k-symmetric conjugate points, which satisfy the following inequality

Re{zf (Z)} >0, (z€%),

for(2)

where k is a fixed positive integer and f,;(z) is defined by the following equality

1 k-1
fule) = 2, [T D + D] (5)
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The class of such functions is denoted by 5@’;
Now we introduce the concept of analytic functions with respect to 2j k-symmetric con-
jugate points. For fixed positive integers j and k, let fy; x(z) be defined by the following

equality
1 k-1 . P
fo@) =7 D [ f (") +ef (D)), (f €.a). (6)
v=0

If v is an integer, then the following identities follow directly from (6):

: 18 —
FrnE) = ﬂz [V ("2) + 77V f (78) ]
v=0

(7)
} = - P
fan® = o T @)+ T D) ],
v=0
and .
fojx(€'2) =€ fo; k(2),  foj k(2) = fo; 1 (Z) o

fa k(€D =T f @) fy B =Fy (@)
Motivated by 5@’;, we now introduce the following.
A function f € .« is said to be in the class 5’;5] ’k)(qb) if and only if it satisfies the condition

2f ()
foj,1(2)

where ¢(z) € 2, the class of functions with positive real part and f5; x(z) is defined by the
equality (6). We call the functions f € ./ that satisfies the condition (9) to be starlike with
respect to 2j k-symmetric points.

Similarly, let %(Cj’k)(q&) denote the class of functions in & satisfying the condition

<¢(z) (zew), 9

/

(2f' )
o > (10)
@ < ¢(2)

(zeu;k=1,2,...;j=0,1,2,...(k—1)),
where ¢ € &.

Remark 1. The notion of (2], k)-symmetric conjugate function is a generalization of the notion
of even, odd and 2k-symmetric conjugate functions. For different choices of the parameters j, k
and the function ¢ (z), the classes 5’;9 ’ k)(¢) and ‘gs(cj’k)(gb) reduces to various other well-known
and new subclasses of analytic functions.
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2. Main Results

Theorem 1. If f € %Ej’k)(qb), then f is univalent in %.

Proof. From the definition of 5’;9 ’ k)(gi)),

2f ' (2)
Re (ij,k(z)) >0, (11

since Re{¢(2)} > 0. If we replace z by ¢z in (11), then (11) will be of the form

svzf/(svz)
Re{ ——— = }+}>0, (ze%;v=0,1,2,...,k—1). (12)
foj k(2)

From inequality (12), we have

&z f'('%)

—— >0, (z€%;v=0,1,2,...,k—1). (13)
foj 1(e72)

Using the equality (8), the inequalities (12) and (13) can be rewritten as

Re {_Ev_wzf "(6"2)

>0, (z€e¥u;v=0,1,2,...,k—1), 14
f2j,k(z) }

and

"IV 2f ' (e¥%)
Re{ ————— >0, (ge¥%;v=0,1,2,...,k—1). (15)
f2j,k(z)

Adding the inequalities (14) and (15), we get

Z [EV_ij/(e"z) + "7V f(e7%) ]

Re foj k(%)

>0, (z€e¥%;v=0,1,2,...,k—1). (16)

Letv=0,1,2,..., k—1in (13) respectively and summing them, we get

2 [ % I [ (@) + e (D] |
Re > O: (Z € 02[):
foj,1(2)
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or equivalently,
/
2fy; 1(2)

faj,1(2) >0, (=),

that is f,; () € . Using this together with the condition (11) shows the functions in

5’;9 ’k)(¢) are close-to-convex in 2. It is well-known that the class of close-to-convex func-
tions are univalent, hence functions which are starlike with respect to (2j, k)-symmetric points
are univalent.

Using arguments similar to those detailed in Theorem 1, we can prove next theorem.
Theorem 2. If f € 6"°(¢), then fp; ((z) € 6.

Remark 2. Using the condition (10) together with Theorem 2 shows the functions in %Sg’k)
are quasi-convex. It is well-known that the class of quasi-convex functions are univalent, hence
functions which are convex with respect to (2], k)-symmetric points are univalent.

Theorem 3. Let f € 5’;((:]" k)(qb), then we have

1 k-1 prz 1 _
fo@)=zexp > : [«p W)+ (we')) - 2] d¢ 17)
v=0J0
where f5; () defined by equality (6), w(z) is analytic in % and w(0) =0, | w(z) [< 1.
Proof. Let f € 3;9 ’k)(d)), from the definition of 3;9 ’k)(d)), we have

z2f ()
foj,1(2)

where w(z) is analytic in %/ and w(0) =0, | w(z) |< 1. Substituting z by €'z in the equality
(18) respectively (v =0, 1,2, ..., k— 1, ¢ = 1), we have

= ¢ (w(z)), (18)

eVzf (%)

A A V2)). 19

Foles) — PO (19)
On simple computation, we get

CEEE) D). (20)

foj k(%)

Following the steps as in Theorem 1, we get

2fy(2)

1 k-1 . _
@ = 2 [N T HED)]. @)
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which can be rewritten as

lejk(z) 11 k=1 ) _
foj,1(2) Tz ﬂ;; [¢ (w(e"2))+ ¢ (w(e Z))—Z] ) (22)
Integrating the equality (22), we have
f2i.k(2) 1 =g . —
IOg{ ]Z }:ﬂéﬂ Z|:¢(W(8 g))+¢(w(9 g))_2i| e, (23)

or equivalently

k-1 rz -
foj k() = zexp {% ZJ % [4) (w(e" )+ ¢ (W(SVZ)) - 2} d{} .
v=0J0

This completes the proof of Theorem 3.

Theorem 4. Let f € %S(Cj’k)(d)), then we have

z 1 k-1 E 1 — —
fosi®) = J exp{ > J Z (o@D +9 (weD) —2]dc e @4
0 2k v=0J0 Z:
where f5; () defined by equality (6), w(z) is analytic in % and w(0) =0, | w(z) [< 1.

3. Conditions for starlikeness with respect to Symmetric points

We now state the following result which will be used in the sequel.

Lemma 1. [6, 2] Let the function q be univalent in the open unit disc % and 6 and ¢ be analytic
in a domain D containing q(% ) with ¢ (w) # 0 when w € q(%). set Q(z) = zq (2)¢(q(2)),
h(z) = 6(q(2)) + Q(z). Suppose that

1. Q is starlike univalent in %, and

zhl(z)
2. Re( 0 ) >0forze .

If
0(p(2)) +2p (2)$(p(2)) < 0(q(2)) +2q (2)$(q(2)), (25)

then p(z) < q(z) and q is the best dominant.
Theorem 5. Let the function g(z) be convex univalent in % and also let

Re{a (&(g(z)—l)—l—l) +/5LZ)} >0 (26)
2g (2) zg (z)
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and

h(z) = azg (2) + ag’(z) + (B — a)g(2),

faj k(%)
z

where a >0, a+ > 0. If f € . with # 0 satisfies the condition

2f () szy(z)fék(z) 2(f'(2))? 2f ' (2)
- 2 T (8
f2j,k(2) (fﬁﬁk(z)) (féﬁk(z)) foj k(@)

< h(z),

then f € %Ej’k)(g) and g is the best dominant.

Proof. Let the function p be defined by

2f (2)
faj,1(2)

p(z)= (z€U;2#0; f € o),

where p(z) =1+ pyz + pyz? +--- € . By a straight forward computation, we have

,( ) zf/(z) +zzf”(z) zzf/(z)fj,’k(z)
z2p (z) = - .
P fo5k(2)  fojk(2) (ij,k(z))Z

Thus by (27), we have
azp (z) + ap(z) + (B — a)p(z) < h(z).

By setting
O(w) :=aw? + (B — a)w and o(w) :=a,

174

(27)

(28)

(29)

(30)

it can be easily verified that 6 is analytic in C, ¢ is analytic in C with ¢ (0) # 0 in the w-plane.

Also, by letting ) /
Qz) =2g (2)$(g(2)) = azg (2)

and

h(z) = 0(g(2)) +Qz) = a(g(2))* + (B — a)g(z) + azg (2).

(31)

(32)

Since g(z) is convex univalent in %/ it implies that Q(z) is starlike univalent in %. Further,

we have

zh'(z) g(z) _ g(2)
k@ ‘Re{“ (zg’(z)(g(z) 1)“) P zg’(z)} >0

The assertion of the Theorem 5 now follows by application of Lemma 1.
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Corollary 1. If f € .« with fijk(z) # 0 satisfies the condition

22" (2) szl(z)fjl,k(z) zz(f/(z))2 2f'(2)
- —+ B
F2i1(2) (ij,k(Z)) (ij,k(z)) f2j k(=)

< h(2),

where
hz) = ala(a —b)+ Bblz? + [2a(a—b)+B(a+Db)]z+ B
2= (1+bz)? ’
—1<b<a<l
and

6> 202 | b _1—a
= 1+|b| 1-b

then f € %Ej’k) Gi—gi)

Proof We let g(z) = 3% in Theorem 5. Clearly g(z) is convex univalent in %. Hence

1+bz’

the proof of the Corollary follows from Theorem 5.
Corollary 2. If f € .« with fZJTk(Z) #0, 2 € % and

D=C\{z€@:Rez§—%,Imz=0},
then ) ,
2f'@) 2f @f &) 2(F @) 2f ()
- — + S+
f2j,1(2) (ij,k(z)) (ij,k(z)) f2j,1(2)

Proof If weleta=1, =1 and g(z) = g, in Theorem 5. It follows that h(z) is convex
with respect to the point u = —1/2. Hence the proof of the Corollary.

€D = fezUh,

Corollary 3. If f € .« with @ #0, 2 € U, satisfy the condition

zzf”(z) zzf/(z)fj/’k(z) zz(fl(z))2 zf/(z)
= —+ -
f2,k(2) (ij,k(z)) (ij,k(Z)) faj,k(2)

@i(z) =a <1+ 06z,

where 6 = u(2a+1—au)and 0 < u < (1+i).Then

2f (2)
faj,1(2)

<1+ uz.
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Proof. If we let B =1 and g(2) = 1 + uz in Theorem 5. Then h(z) will be of the form
h(z) =1+ (2a+ 1uz + au?z?. For |z |=1,

|h(z)—1|:,u|2a+1+a,uz~Zu(2a+1—a,u).

If we put 6 = (2a+ 1 — au), then from the above inequality it follows that h(z) is superordi-
nate to 1+ 6z. Hence the proof of the Corollary.

If welet a =1 and p =1 in the Corollary 3, then we have the following result.

Corollary 4. If f € .« with fZJTk(Z) #0,2 € %, then

') [ F@_Fu® 2
f2j,k(2) ')  for@)  fak(2)

—-1|<2 (ze¥)

L af@)
implies @ 1| <1, forallz € %.

It is well-known that a function f € .« is called strongly-starlike of order A, 0 < A < 1, if

2f (2)

<AL Gew
F@) e

2)

arg

and we denote by &% *(A) the class of such functions. Similarly, we denote the class of

strongly-starlike functions of order A with respect to (2], k)-symmetric points by & yﬁg k)(l).
Now, we give the sufficient conditions for strongly-starlike of order A with respect to
(2j, k)-symmetric points

Corollary 5. Let 0 < A < 1, and let

1+2\* [ 22z 1+2z2\*
h(z):(l—z) [1—zz+(1—z) i|

If f € .o with fz’Tk(Z) # 0, 2z € %, satisfies the condition

2f' (@) #F Bf() RSO O

=< h(z),
F2j,1(2) (fzj,k(z))z (fz;‘,k(z))z f2j k(=) ’

then f € 770
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