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Abstract. By using the generating-function method as a starting point, the authors construct
several (presumably new) basic (or ¢-) extensions of the Humbert function. Various potentially
useful properties of these g-Humbert functions including (for example) explicit representations,
recurrence relations and differential recurrence relations are derived by applying the defining gen-
erating functions.
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1. Introduction and Preliminaries

The theory of the quantum (g-) calculus has recently been applied in many areas
of pure and applied mathematics as well as in such other disciplines as (for example)
biology, physics, electrochemistry, economics, probability theory, and statistics. Many
special functions of mathematical physics have been shown to admit generalizations to a
base ¢, which are usually referred to as g-special functions. The ¢-special functions have
important roles in many branches of mathematics and mathematical physics. Numerous
investigations related to the g-special functions and g-polynomials can be found in many
books and monographs as well as in journal articles in these field (see, for example, [2, 3,
5,6, 7,10, 11, 12, 14, 15, 17, 18, 19, 20, 21, 22, 29]).

Motivated essentially by the potential for applications of the g-analysis and the g¢-
extensions of higher transcendental Bessel-type functions in diverse areas of mathematical,
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physical, engineering and statistical sciences (see the recent papers [1, 2, 5, 10, 11, 12, 13,
14, 15, 18, 28] and the references therein). The main purpose of this paper is to derive
and investigate explicit formulas for the various families of the g-Humbert functions for
0 < g < 1 by using the g-calculus in the theory of special functions. The work presented
here is organized as follows. We define the numerous (known or new) g-Humbert functions
and discuss some of their significant properties such as explicit representations, recurrence
relations and generating functions in Section 2. In Section 3, we investigate pure recurrence
relations and differential recurrence relations for the g-Humbert functions.

For the convenience of the reader, we first provide a summary of the mathematical
notations and some basic definitions of the g-calculus for |g| < 1, which we need to use in
this work.

For real or complex numbers A and p (A, u € C), a g-number (or, equivalently, a basic
or quantun number) [A], is defined as follows:

g = . A+ulg—* g (gl <1; A peC), (1)

where C denotes the set of complex numbers. Correspondingly, for n € Ny, the g-factorial
[n]q! is defined by

O=1 and  [n]!= [k, =]] <1 g > - ((q’q)” (neN), (2)

L—q)
where
No =NuU {0} (N={1,2,3,---}).

Here, and in what follows, for ¢, A\, n € C (]g| < 1), the basic (or ¢-) shifted factorial (A; q),
is defined by (see, for example, [3], [6] and [24]; see also the recent works [7, 19, 23, 26, 27]
dealing with the g-analysis)

=11 (£05)  dd<uanec) )

so that
1 (n=0)
N =19 n , (4)
130 (1—)\qj) (n € N)
and -
H (1-x¢’)  (lgl<1; XeQ). (5)

In the usual notation, the q—exponentlal function e,(z) of the first kind and the ¢-
exponential function E4(2) of the second kind are defined by
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e,(2) = o 2" _ o [(1—g)2]" 1
%) ;ﬂn]q' nz_‘; (¢ D)n (1=a)za), )
and
BRSO CEIE
Fa(2) ,;q (G On (M)
respectively.

Remark 1. It is easily seen by applying the definitions (6) and (7) that

e1(2) = Bgl2), limfe,(2)} = ¢ = im{E,(:)}  and  egf2) - Eg(—2) = 1. (8)
q q—1 q—1
Let f be a function defined on a subset of the real axis R or the complex plane C.
We define the g-derivative operator Dy, which is also referred to as the Jackson derivative
operator [13], as follows:

f(z) — flgx)
Doff(@)} = =t )
which satisfies each of the following relations:
Dq{z"} = [n]q ="~ (10)
and
Dy{eq(Az)} = Aeg(Ax) and D {Eq(A\z)} = AE¢(A\gz) (11)

for a given constant A. Furthermore, the formula for the g-derivative by parts can be
written as follows:

Dy {f1(x) fa(2)} = Dy{f1(2)} fo(x) + fr(qz) Do{ f2(2)}, (12)

Dy {f1(x) f2(2) f3(x)} = Do{f1(2)} fafs(x) + f1(qz) De{ f2(2)} f3(x)
+ fi(gx) fa(qr) Do{ f3() }, (13)

and so on.
In the earlier works [8, 9, 16, 30], the Humbert function J, ,(x) is defined by means
of the generating function:

exp [g <u it )] Z T () U™ " (14)

m,n=—00

or, more generally, as follows:
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o= (

= T
K'T(m+k+1)

mtn 1 3
B —im+1n+1;——
> m+1)rn+1)° 2< L 27>

k

Wl R

x\ m+n+3k
(%) (15)
— F'n+k+1)\3
In the next sections, we propose to generalize and extend this class of Humbert func-
tions. By using the above approach based upon the quantum (or ¢-) analysis, we define
and investigate the generalized g-Humbert functions. We also present a particular case
of functions belonging to the family of ¢-Humbert functions which are known as the ¢-
Humbert functions of the third kind.

2. Definitions and Basic Properties of the New ¢-Extensions of the
Humbert Functions

In this section, we apply the notion of ¢g-generating functions to get explicit formulas
for the generalized ¢-Humbert functions and obtain several interesting and significant
properties for these functions.

Definition 1. By using the product of symmetric g-exponential functions e,(z), we define

the following generating function for the ¢g-Humbert function Jr(nl)n(:c\q) of the first kind:

Fl(a:ut|q)—eq<$3u>eq<3;t)eq< 3ut> Z ) (zlg) w7, (16)

m,n=—0o0

which, in view of (6), yields

TU xt T
Fi(z;u,tlg) = e <3>eq <>eq< — 3ut>

. 7=0 k=0
N (_1)k x k+j+r -
e T71 ar o 1 0\ o ur_ t]_ ’
jﬂ;:() [k]q'[J]q'[T]q' <3>

so that, upon setting r — k = m and j — k = n, we find that




H. M. Srivastava, A. Shehata / Eur. J. Math. Sci., 4 (1) (2018), 13-26 17

Z (z|q) u™ t".

m,n=—0o0

Thus, explicitly, we get the following expression for the g-Humbert function J,g%)n(:dq) of
the first kind as a power series:

e}

1)k T\ m+n+3k
JD (zlq) = kzo mf—k]j'[n%—k]q! (g) . (17)

Remark 2. The function JT(,%)n(ac]q) is a g-analogue of the Humbert function J, ,(x)
defined by the generating function (14) :

tim { I, (azla) } = (@),

q—1

For m,n € Ny, by applying the relationships in (2), we can write the equation (17) as
follows:

00 _1)k (1 _ q)x m~+n+3k
Jg)n z|q) = ( ( ) 18
n(#la) kzzo (¢ k(@ Dm+r (@ Dt 3 18)
which, in light of the following elementary identity:
(@ Dnre = (@ 1@ 500 = (@ Dnld" 5 @)k (19)
we get another representation of the g-Humbert function I n( lg) in (18):
00 1)k (1 N q)IE m+n+3k
T, (xla) = = ( (20)
kzo ¢ m(d* 5 @)n 3
or, equivalently, we have
00 71)k (1 N q)CC m+n+3k
I (z]q) = ( ( C(21
(1) kzo (¢ D¢ Dm (¢ Dn(d™ Y Dr(@" 5 O 3 @)

Lemma 1. If m and n are integers, then the g-Humbert function Jmn( lq) of the first
kind satisfies the following relation:

T (@lg) = (~1)™ I () (22)

Proof. From Definition 1 of the g-Humbert function JT(,%)n(x\q) of the first kind, we
have
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(1) B ° (_1)k z —m+n+3k
B i (_1)k (f) m+n+3k
— = W e+ gl kg \3 ’
which, upon setting s = k — m, yields
o0
1) B (_1)s+m { 2m+n+3s B m (1)
me,n(l“Q) - Z [S]Q![S +m]q|[n +m -+ S]q! (3) - ( ) ']m n+m( |Q)

s=0
In a similar manner, we can obtain the next result Theorem 1 below).

Theorem 1. If m and n are integers, then the q-Humbert function Jr(,i)n(ﬂq) of the first
kind satisfies the following relation:

I (2lg) = (~1)" I (2lq)- (23)

Theorem 2. If m and n are integers, then the q-Humbert function Jr(nl)n(x|q) of the first
kind satisfies the following relation:

T, _(zlg) = (~1™I8)(alg) = (1), (ala). (24)

Proof. From Definition 1 of the ¢-Humbert function Jmm(:c\q) of the first kind, we
have

. —m—n—+3k
" - ( 1)k‘ E +
J_m,_nmq)—kZ_% [=m + K[+ k]! \3

B 00 (_1)k z —m—n—+3k
B Z [Klg![—m + k]g![—n + k]! <3> ’

k=max{m,n}

which, upon setting s = k — m, yields

0 _1\s+m T 2m—n—+3s
Phatele) =Y e e (5) T = 0

— [s]g![m + s]g![m —n + s]g!

On the other hand, by setting s = k — n, we obtain

00 _1)stn x 2n—m+3s
SO ) =Y ) () = (1)a,, (o).

[s]gl[n — m + s]gl[n + s]4! \(3
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Definition 2. The g-Humbert function Jmn( |g) of the second kind is defined by the
generating function Fy(z;u,t|q) as follows:

mi) =5 (2 )E(D e (- ) = 3 OO s @)

which, in light of (7), yields

so that, upon setting r — k =m and j — k = n, we get

- (5
_ i (— 1?1@](1([)] (%[)] +(*41) <3>k+j+rurktjk

& (— 1)k )N+ <x>m+n+3’f

(K] \[m + Kl ![n + k]! \3

mtn

u

— Z q(?)"‘(g) Jﬁ)n(x’q) u™ ",

b
m,n=—00

Thus, explicitly, we are led to the following expression for the g-Humbert function Jm n( lq)
of the second kind as power series:

J(z) (2]q) = i (—1)* 3kBR2(mn)—1] x sk (26)
2 ]l + K] ![n + K| 3

Theorem 3. The following relationship holds true between the q-Humbert functions J,S%)n(x|q)
and J,(g)n(aﬂq) of the first and the second kind:

1) = gt 6) g2 (a]g). (27)

J(l) <q3 T
q




H. M. Srivastava, A. Shehata / Eur. J. Math. Sci., 4 (1) (2018), 13-26 20

Proof. If we set

x»—>q%x, tr—>q_%t and uo—>q_%u

in the generating function (16), we obtain

DY Cea (e, (B e [ = 2=
¢) " S\ 3 )%\ 3 )%\ T 3w

= > (dka

m,n=—00

Fy (qéx;qéu, g 5t

which, in view of the first relationship in (8), becomes

) =55 ) (5 5)

1) gmalmEm) g, (28)

(1
Z S (q?»x .

m,n=—0oo

Fy <q§l‘;q_§u, g st

where the g-exponential function E,(z) of the second kind is defined by (7).
Now, if we compare this last equation (28) with the defining generating function (25)

for the g-Humbert functions I n(z]q) of the second kind, we are led to the assertion (27)
of Theorem 3.

Remark 3. By appropriately permuting g-exponential functions e,(z) and E4(z) of the
first and the second kind in Definition 1 and Definition 2, We can analogously define and
investigate many variations of the g-Humbert functions Jmn( lg) and Jmn(x\q) of the
first and the second kind. However, since the g-exponential functions e,(z) and E4(z) of
the first and the second kind are related by

e1(z) = Ey(2) and E%(z) =eq4(2), (29)

1
q

we choose to present here just one such variation given by Definition 3 below.

Definition 3. The g-Humbert function Jm n( |q) of the third kind is given by the gener-
ating function F3(x;u,t|q) as follows:

Fg(xutyq)_eq<“’3“)eq<"?>Eq< 3ut> Z (alg) w™ ", (30)

m,n=—0o0
which would readily yield the following explicit representation for ¢g-Humbert function
Jr(;f “n(x|q) of the third kind as a power series:

I (alg) i (=1)" L1 <w

k:O g![m + Elg![n + klg! 3

) m+n+3k (31)
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The following result is a straightforward consequence of Definition 1 and Definition 3
in conjunction with the third relationship in (8).

Theorem 4. (Multiplication Theorems) The generating functions for the q- Humbert func-
tions J,(,})n(x\q) and Jr(,f’)n(x\q) of the first and the third kind are related as follows:

Fl(x;u,t|q):eq<§;>eq< 3””t> Fy(z;u,t|q) (32)

and

Sut

Fataiutl) = By = o B (5 ) - Faloiti) (33

3. Differential and Pure Recurrences Relations

In this section, we briefly indicate how several interesting differential and pure re-
currences relations for the g-Humbert functions, which we have introduced here, can be
established by applying their generating functions in different ways. We illustrate the
techniques used in the case of the ¢-Humber function Jg)n(x]q) of the first kind. Simi-
lar arguments will lead to analogous results for the g-Humbert functions Jﬁ)n(ﬂq) and
g3 n( |q) of the second and the third kind.

Theorem 5. The q-Humbert function Jmn( lq) of the first kind satisfies the following
differential recurrences relations:

2m— n+1 m+n+2 1

1
Talaa(ale) +a T,  @Fale) = I (@Sl = 3D, { T, ale) ) (3)
2n—m+1 1 m+n+2
I el + I, (ale) a0 L (aPale) = 3D, { U () | (35)
m2n+2 2 2m—n+1
Tl +a" 5 I (@bl =5 I L @ ale) = 3D, { I, (o) | (36)
n—2m+2 2 2n—m-+1
I @Sl + I, (ala) = F 0L @Pale) = 3D, {J () |, (37)
1-m—n 1 m2n+2
3 IL (@hale) + 0TI L (aale) = I e (la) = 3D, { I, (ela) | (38)
and

— l1—-m—n 1
I ah )+ I (ahelg) — I (ela) = 3D, { D (ala) } - (39)
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Proof. By applying the g-derivative operator D, on both sides of the equation (16)
and using (13), we have

g wea (5 )er(5 ool ) +eea(75)ea(5 )r (- )
() (5 )~ )

_ i Dq{ T (x|q)} u™ (40)

m,n=—0co

1 2 1
€T +— 4133?, u +— ll3u 311(1 U+ q 3t

in the generating relation (16), then we get the following result:

1

_1 q%xqgu q%xq_%t q3x
q 3tegy 3 €q 73 e\ ——= —1
3q3uq st
_%t qru xt T
= 3te —_— e RN e PR —
€7t 737 )%\ 3 )\ T 3u

ad 1 2 m 1 ntl
= > JQ,%(QS%!Q)(QSU) <q‘3t>

m,n=—o00
s 2 1
Zm—_n 1 Y
= Z q 3 an)n (g3 2]q) u™ " (41)
m,n=—o00

Next, by using the generating function (16) and setting
2 1 1
T q3xr, U q3u and t — q3t,

we have
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Z q 3 m+1 n+1 (q3:c|q) ’LL tn (42)

m,n=—0o0

Finally, by using the equations (40), (41) and (42), we find that

1 e s 2m—n+1 1 1
S| e et T T ) (abala) wn e

m,n=—00 m,n=—00

o0
Z qm+;+2 Jr(nl)+1,n+1(q%m’q) u™ "

= i {J(l) (x|q)} e, (43)

which yields the differential recurrence relation (34) asserted by Theorem 5.
The other differential recurrence relations (35) to (40) can be proven similarly.

The demonstration of each of the following results (Theorems 6 to 9 below) would run
run essentially parallel to that of Theorem 5. We, therefore, choose to skip the details
involved.

Theorem 6. The g-Humbert function J,(,Pn(x|q) satisfies the following pure recurrence
relations:

2m—n+1 2n—m+1

1 1
IO (@lg) + ¢ IO (gialg) = ¢ I (dBele) + I (alg),  (44)

1 m—2n+2 2 2m7'n+1 1 1
Jﬁl)_l,n(x\Q)Jrq 3 mn 1(g3lq) —q~ 3 anll,n+1(q3w\q)
n—2m-+42 2 2n—m-+41 1 1
=g Jﬁiﬂqsx!qﬂ@% (@) — T T (a3le),  (45)

1-m—n m—2n-+2 2
¢ 5T (@5le) + a7 I, (a5 alq)
n—=2m-+42 2 1-m—n 1
= ¢ 5 Ll (@Sela) a5 T (aela). (46)
2m—n—+1 1 1 m+n+2 1 2
3 Jr(n,)nq (q3x|q) -q 3 Jr(nJ)rl,nH (q“x|Q)
m—2n+2 1 2 2m—n+1 1 1
=" I (dhale) — T I (a3 2lg) (47)
and
2n—m+1 1 1 m+n+2 1 2
¢ U0 (aFele) — ¢ I ()

n—2m-+42 2n—m-+1 1)

= ¢ I (@Sle) — 7T I (@5 la). (48)
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Theorem 7. The q-Humbert function J,(T},)n(x|q) satisfies the following pure recurrence
relations:

3 n

= [nly T (ala) = Ty @la) + 6" T e (wla) (49)
and

3

= T @le) = Tl o (ala) + 47 T (ela). (50)

Theorem 8. The q-Humbert function J&l,)n(ﬂq) satisfies the following pure recurrence
relations:

__m4n—1 1 1 — T
I, bl = I, Gle) + LS00, ) (51)
_m4n—1 1 1 — X
I abela) = I Gl + LS00l (52)
and
_ m4n-—2 1 1—gq)x
I s(abalg) = Il + TS0 0, ). (53)

Theorem 9. The q-Humbert function Jﬁ)n(x\q) satisfies the following properties:

§(J£%,L<xrq> +q T Jﬁii2,n+1<q%xq>) =mt 1y Jpbia(ela). (59)

§(J$i2,n+l<xrq> +q Jﬁ,%,mq%xm)) = [m+ 1g T} o (ala). (55)

() + T I alabel)) =+ U el (56)
and

% <Jml)+1,n+2(xIQ) g J%(qéxm)) = [n+ g I3, 1 (xla). (57)

4. Concluding Remarks and Observations

In our present investigation, we have introduced and studied the properties of three
families of g-Humbert functions. Each of these ¢g-Humbert functions allows us to describe
many aspects of computational and quantum (or ¢-) analysis. We have also explored how
these classes of g¢-Humbert functions can be described in terms of g-Humbert functions
of a different class. Our investigation of these three families of g-Humbert functions is
potentially useful in motivating further researches on this subject
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