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Solving a quartic equation and certain equations with degree n
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Abstract. In this paper we describe a new method to solve the general quartic equation. This approch is simple and
different from ferrari’s method, in addition we can solve some algebraic equations with degree n by using the technics

proposed in this method.
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1. Introduction

From the results of Galois (1832) [1] and Abel (1826) [1], we know that a general equation with degree n can
not be solved in radicals. Now, we can solve every quartic by using the Ferrari’s method [3| which published in
1545. In this paper we propose a new method of solving a general quartic which is different from the Ferrari’s
method, and we can determine certain equations of degree n > 5 solvable by the proposed method.

2. Preliminary results
Lemma 1. Let P be a polynomial function with degree n > 1 in Clz] such that

P(z) = apz" + ap_12" ' + ... + a1z + ap.

If a is a root of P, and X\ is a complexe number, then Ao is a root of A x P defined as

(A% P)(x) = apz™ + AT ap o N2 2+ N T+ ap AT

Lemma 2. Every equation of degree n > 1 as
an"™ + ap_12" "V + ...+ a1z + ag = 0,

can be written as
Y+ bp_oy" 24 . 4 by + by = 0.

Proof:

G
We can use this change of variable : y = z 4+ — !

na,
Notation : Now we consider this notation : /¥ is a root of 2% = 1.
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3. Ferrari’s method

By lemma 2, all quartic equation can be reduced to a simple form with only tree parameters. That is,
(B)  X'4TX?’=ZX+W,

where T, Z and W are real numbers.
This equation is equivalent to :
(B) X*4TX?-ZX-W=0.

Let y € R*, we have :

X44TX?2-ZX -W=(X?+y)? —29X?+TX2—y> - ZX - W
=(X?24y)? —2yX?+TX2 - > - ZX - W
= (X2+y)?+ (T -29)X? - ZX —y*> - W.

We can choose that value of y = g9 when this term (2y — T)X? + ZX + y? + W is a square, for that his
discriminant is zero.
We get :

72— 4(yd + W)(2yo — T) = 0.

Then we deduce that yg is a root of this cubic equation :
8y —ATy? +8Wy — Z? = 0.

Remark 1. To get the value of yo, we can apply one of methods for solving the cubic equation (for exmaple :
Cardan’s method [3] and [1]).

4. Kulkarni’s method

This method was published in 2009 [4] ( rectified in 2011 [2]) is similar to Ferrari’s method. It’s based on the
possibility of writing every quartic as the difference of two squares, for that we solve a system with 4 unknowns,
and we obtained a new cubic equation. We can see the proof as follows
Consider this general equation

ot + a3:v3 + ag:cz +ai1x +ag = 0.

Consider another quartic equation shown below.
(2% 4+ b1z + bg)* — p(x +¢)? = 0.
We attempt to represent the first quartic in the form of the Latter. For that we obtained the system

2b1 — as

bt 4 20 — p = ap
2(bob1 — pco) = a1
b — pct = ayp.

a
Let F1 =az — (53)2, and p1 = p + F1.
After calculus, we obtained this cubic equation with the unknown py :
pzi} - an% + (a3a1 — 4@0)1)1 + 4a0F1 _ a% = 0.

We find the values of p, ¢, b1, by, and finally we get this decomposition :

2+ asx® + ar’ +ajx +ag = [x2 + (b1 — v/P)x + by — \/pC] [x2 + (b1 + v/p)x + by + /pc].
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5. The proposed method
We use the lemma 2 for rewriting every quartic in the form :
(E) X'4+TX?>=ZX+W,

where T, Z et W are complexe numbers.
Next, we can determine two reals a and b as a fuction to T,Z and W, such that the X is a root of :

X2 =aX +0.

For that, consider the equation

P =x4e (1).

Then :

xt =% 4 2ex + &2 (2).

2 =2 +¢, we replace 22 by x + ¢ in the equation (2), we find :

By using the equality (1) z
4 _ 2
" =x(2e+1)+e" +e.
Then :
Tt=x+e¢
' =z(2e+1)+el+e
Let a € R, we have:

[\

ar® = ar + ac
vt =22+ 1)+ +e

We add the two equations, and we get :
't ar? =x2e4+ 14+ a)+e%+¢e+ae.
Let A € R and X = Az, by using the lemma 1, we deduce that the X is a root of the equation :
X4+ aX2X? = X (20 + X3 + o) + 201+ et + aelt.
To solve the quartic (F), we can represent it in the form of the above quartic, for that we can solve this system

T = a)? (1)
(8):{ Z=2eN34+ X3+ )3 (2"
W =2\ +ed +aedt (3)

a root of F is given by X = Az, where  is a root of the equation z2

From (2') Z = 2eA3 + A3 4+ aA?), and T = aA? from (1), we get :

=x+e€.

Z =2 N+ N+ T\
Then :
_Z-TXx-N
a 2\ '

Next, we replace e\? by its value, and aA? by T in equation (3'), we get :

eN?

Z—T\N—\3 Z—T\— )\

Z—-TXx—\

w=( o3

)% 4+ A%(

ANPW = (Z —=TA=N)2 4 2X3(Z = TA = X3) +2TN(Z — TX - \3).
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Then :
ANW = (Z = TAN=X)(Z —=TXh— X2 +2)\3 42T\,

ANW = (Z —TA=N)(Z+ N+ T\

Finally, we deduce:
ANW = Z% — (N3 + TN

And
A 42T M 4 NH(T? +-4W) — Z% = 0.

Conclusion 1. e A2 s a root of y3 + 2Ty? + y(T? + 4W) — Z% = 0.

Z—TXx— )\

=TX 2 ande =
L 3" and & D
e S. is the set of roots for the quadratic x> = x + €.

e Every element of the set Sp = AS: = {\x, v € S:} is a root of (E).

6. Comparison between Ferrari’s method and the new method

6.1. A didactic perspective

In the field of teaching and learning, the choice of a beautiful wording of the resolution of a problem
Mathematics is essential to give students the generals rules of calculating which they can learn by heart. In
this framework, the new method gives us a simple representation of the solving of a quartic equation over the
Ferrari’s method, in fact :

e For Ferrari’s method : The solving of this quartic
(E) X'4+TX?=ZX+W,

leads to solving the cubic
8y3 — ATy? + 8Wy — Z%2 = 0.

e For the new method : We can to give the following simple representation :
For solving the equation
(E) X*4+TX?2=ZX+W.

Consider A the discriminant of the quadratic with the unknown X :
—yX?=ZX +W.

To determine the real \ as defined above, for that we solve the cubic y3 + 2Ty? + y(T? +4W) — Z2 =0
which we can rewrite as the following simple form :

yly+71)° = A.

6.2. Solving certain equations with degree n

We use the Ferrari’s method for solving the quartic equation, However we can use the new method for
solving certain equations with degree n:
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6.2.1. The case of n =5

We consider the equation :

(B)) X3=aX+0.

We can multiply the equation in the both sides by X2, we get X° = a X3+ bX?, and we replace X3 by aX +b,
we get :
X® =a(aX +b) +bX2

Then :
X% =bX?+a’X + ab.

We multiply the equation Fq by ¢, we get :
X° =bX?+a®X +ab
cX3 = caX + cb.

We can do the sum of the two equations, we find :

(E2) X° 4+ X3 =bX? + (a* + ca)X + ab + cb.

The equation (FEj) is solvable by radicals. Moreover, every root of (E;) is a root of (Es).
Next, we can determine the set of the equations which we can rewrite in the form as (Es).
Consider the equation :

X% 4+ aX®=BX2 44X + .

When this equation is written as (F3), then we can find tree numbers a, b and ¢ such that:

a=c
B=0b
v = a’ + ca
w = ab+ cb.
After the calcul we obtain : )
p [
v = E2he aE. (%)

We deduce that every root of the equation (Fy) : X3 = aX + b, is a root of (Ey), where b = 3, ¢ = a and
¥ = a® + ca.
Then : a =
And :

— Q.

SRS

(B1) & x*= (&

5—04)X+5.

Conclusion 2. FEvery equation is a form as :

2
(B)  XP+ax®=8x2+ (% —ax +p,

g B
is solvable by radicals. Moreover, for determine the set of roots, it is sufficient to determine the roots of :
X3 = (%—a)x+5.

o Ifa= %, then v = 0 and @ = 0. The equation (E4) becomes :

(Es) X5+ %X?’ = BX2 4.
The above equation is solvable by radicals. Moreover, tree roots of E5 is giving by solving the fllowing
equation :
X3 =5,
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e When a = 0, the equation (Ey) becomes :
12
(Bs) X°=pBX*+X+p.

Which are solvable by radicals. For determine the roots, we can to solve the cubic:

X3:%X+ﬁ.

e Let = sin(yp), and S = cos(p), where ¢ are a real number.
The equation (Es5) becomes :

(E7) X° 4 tan(p) X3 = cos(p) X? + sin(p).
We can determine the set of roots by solving the following equation :

X3 = cos(p).

6.2.2. The case of n > 5

In this paragraph we see some examples of the set of the equations with degree n, which we can solve by the
new method. We consider the equation with unknown X :

X" =aXx" 2 4b.
We multiply this equation by X, we get :

X" =aX"! +bX.
We replace X"~ ! by aX" 2 4 b, we find :

X" =a?X""2 4 bX + ab.
Next, we multiply the first equation by ¢ and we add the two equations, we get :
X" 4 X" = (% + ca) X" 2 + bX 4 ab + be.
Consider the equation
X"+ aX" P =BX"2 414X + 4,

where a = ¢, 8 = a? + ca,y = b and p = ab + be.
We deduce :

2
ptop
B:——i

vy

Conclusion 3. Wen can determine a root of every equation which is written as the following form :

(B,) X"+aX"!= (% - %)X"—2 FyX 4o
1
(

For that, every root of X" ' = (5 —a) X" 2 + v is a root of the above equation E,,.
Y
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6.2.3. In the context of the improvement of the method

The question we can ask now about this new method, is do we improve the new method in the sense of deter-
mining a largest set of algebraic equations which we can to solve by the new method?.

It is known that the resolution of every equation by radicals is not always possible from the results given by
Galois and Abel, despite that, the classification of every equation by his solvability by radicals is essential.

In this paragraph, I would like to give a few remarks about the generalizability of some form sets of equations
solvable by the new method. We begin by studying the general case, and after we move to the case of n = 5.

Definition 1. If we can determine a root of a equation (E) by using of the new methode, this equation is called
solvable by the new method.

e In general : Let £ a set of equations with degree n solvables by the new method.
Consider C = {(ag, a1,...,an) / P(x) = 1" aix" € E}.
For all number A € R*, we put :

AxC = {()\"a()?)\"_lal,-'-,)\an—lyan) / (ao,al,...,an) € C}

We have C C [Jycg A *C (because 1 %xC =C). )
When C = (J,cg A *C, the generalisation of the form concerning the A(©quations of £ from the lemma 2
it is not possible.

Example 1. In the case of the following equation (Ey)

2
Q
(Bn) X'4aXx" = (% - %)X”‘Q +9X +p
We can check the following equality :
2
pe_ap \
C= {(_/’L7 _7’07 ""07 _(? - 7)7057 1) / (Oév/%’y) S R2 X R }

On the other hand, we can verify Ax C C C, for every real number X, then C = Jycg A *C.
We deduce that it is impossible to genaralise the form of the equation E, by using the lemma2, and this
remark is still checked for the equation (E4).

e For the case of n = 5, we can find many examples of the sets of the quintics which we can solve by the
new method ( (Ey) for example ). Unfortunately, we can’t improve this form of the equations by using
the lemma2.

Now, in the sence to generalise the form of (Ey), we can put the following question :
Can we find the real ¢ which we can add it to one of coeffficients of (E4) (different from the leading
coefficient), and we obtained a new form of equations solvables by the new method 7
For example, if € = 1, we add the ¢ to the coefficient of x into (F4), we get this new equation :
2

(E)  X°+aX®=pBX2+ (% = a% + DX 4 p
From the lemma 1 and 2, we can verify that the problem of resolution for every quintic reduces to problem
of solving the equation of the form above, then we deduce that if the set of equations of the form (E4)/
are solvable by the new method, then every quintic is solvable by radicals, which is absurd.

Conclusion 4. We can not add a real non-zero in one of the coefficients of (E4) different from the leading
coefficient for to get a another form of equations solvable by the new method.
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