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Abstract. In this paper we introduce the notion of A-weak character amenable Banach algebras
and investigate A-weak character amenability of certain Banach algebras such as projective tensor
product AQB, Lau product A xg B, where § € A(B), abstract Segal algebras and module extension
Banach algebras.
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1. Introduction

Let A be a Banach algebra and let ¢ € A(A), consisting of all nonzero characters on
A. The concept of p-amenability was first introduced by Kaniuth et al. in [6]. Specifically,
A is called p-amenable if there exist a m € A** such that

(i) m(p) = 1;
(i) m(f.a) = p(a)m(f) (a € A, f € A¥).

Monfared in [10], introduced and studied the notion of character amenable Banach algebra.
A was called character amenable if it has a bounded right approximate identity and it is
p-amenable for all ¢ € A(A). Many aspects of p-amenability have been investigated in
[4, 6, 9].

Let A be a Banach algebra and ¢ € A(A) U {0}. Following [7], A is called A-weak
p-amenable if, there exists a m € A™ such that

(i) m(p) = 0;
(i) m(y.a) = ¥(a) (a € ker(p),v € A(A)).

In this paper we use above definition with a slight difference. In fact we say that A is
A-weak p-amenable if, there exists a m € A** such that
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(i) m(p) = 0;
(i) m(y.a) =9(a) (a € A,p € A(A)\ {¢}).

The aim of the present work is to study A-weak character amenability of certain
Banach algebras such as projective tensor product A®B, Lau product A xg B, where
0 € A(B), abstract Segal algebras and module extension Banach algebras. Indeed, we
show that A®B (resp. A xg B ) is A-weak character amenable if and only if both A
and B are A-weak character amenable. For abstract Segal algebra B with respect to A,
we investigate relation between A-weak character amenability of A and B. Finally, for a
Banach algebra A and A-bimodule X we show that A @ X is A-weak character amenable
if and only if A is A-weak character amenable.

2. A-weak character amenability of AQB

We commence this section with the following definition:

Definition 1. Let A be a Banach algebra. The net (aq)q in A is called a A-weak approz-
imate identity if, |p(aaq) — p(a)| — 0, for each a € A and ¢ € A(A).

Note that the approximate identity and A-weak approximate identity of a Banach
algebra are different. Jones and Lahr proved that if S = Q% the semigroup algebra
I1(S) has a bounded A-weak approximate identity, but it does not have any bounded or
unbounded approximate identity (see [3]).

Definition 2. Let A be a Banach algebra and ¢ € A(A) U{0}. We say that A is A-weak
w-amenable if, there exists a m € A*™ such that

(ii) m(y.a) =(a) (a € A v € A(A)\ {p}).

Definition 3. Let A be a Banach algebra. We say that A is A-weak character amenable
if it is A-weak @-amenable for every ¢ € A(A) U {0}.

Lemma 1. Let A be a Banach algebra such that 0 < |A(A)| < 2. Then A is A-weak
character amenable.

Proof. If A has only one character, the proof is easy. Let A(A) = {¢, ¥}, where ¢ # 1.
Hence, by Theorem 3.3.14 of [5], there exists a ag € A with ¢(ap) = 0 and ¢ (ag) = 1. Put
m = ap. Then m(p) = ap(p) = p(ag) = 0 and for every a € A, we have

m(y.a) = ao(y.a) = y.alag) = P(aag) = ¢(a).

So, A is A-weak p-amenable. A Similar argument shows that A is A-weak -amenable.
Therefore A is A-weak character amenable.

The proof of the following theorem is omitted, since it can be proved in the same
direction of Theorem 2.2 of [7].
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Theorem 1. Let A be a Banach algebra and ¢ € A(A) U {0}. Then A is A-weak -
amenable if and only if there exists a net (aq)o C ker(y) such that | (aaq) —(a)| — 0,
for each a € A and ¢ € A(A) \ {¢}.

Example 1. (i) Let A be a Banach algebra with a bounded approximate identity. By
Theorem 1, A is A-weak 0-amenable.

(i) Let S = Q*t. Then the semigroup algebra I*(S) has a bounded A-weak approzimate
identity (see [3]). So, Theorem 1, implies that 1*(S) is A-weak 0-amenable.

Example 2. Let X be a Banach space and let ¢ € X* \ {0} with ||¢|| < 1. Define a
product on X by ab = @(a)b for all a,b € X. With this product X is a Banach algebra
which we denote it by A,(X). Clearly, A(Ay,(X)) = {¢}. Therefore by Lemma 1, A (X)
is A-weak p-amenable.

Example 3. Let A be a Banach algebra and ¢ € A(A) U {0}. Suppose that A is a -
amenable and has a bounded right approximate identity. By Corollary 2.3 of [6], ker(p) has
a bounded right approximate identity. Let (eq)a be a bounded right approzimate identity
for ker(yp). If there exists ag € A with ¢(ag) = 1 and limq |¢(ageq) — ¥(ao)| = 0 for all
€ A(A)\{¢}, then A is A-weak @-amenable. For see this let m = w* —lim,(€,). Now,
we have

m(p) = limea(p) = limp(eq) = 0,
and for every 1 € A(A)\ {p} and a € ker(yp),
m(.a) = limeg(v.a) = limd.a(eq) = lim ¢ (acq) = 9(a).
Let a € A. Then a — ¢(a)ag € ker(p) and for every v € A(A) \ {¢}, we have
m(v.(a = p(a)ag)) = ¢(a - p(a)ao).
Therefore m(1.a) = 1(a). So A is A-weak p-amenable.

For f € A* and g € B*, let f®g denote the element of (A®B)* satisfying (f®g)(a®b) =
f(a)g(b) for all @ € A and b € B. Then, with this notion,

A(ABB) = {p @1 : ¢ € A(A), € A(B)}.

Theorem 2. Let A and B be Banach algebras and let ¢ € A(A)U{0} and ) € A(B)U{0}.
Then ARB is A-weak (o ® 1p)-amenable if and only if A is A-weak p-amenable and B is
A-weak 1-amenable.

Proof. Suppose that A®B is A-weak ( ®1))-amenable. So, there exists m € (ARB)**
such that
m(p @) =0, m(¢' @¢a®b)=¢' @¢(axd),
for all a ® b € ARB, ¢’ ® ¢ € A(A®B). Choose by € B such that ¢(by) = 1, and define

my € A by my(f) = m(f @ ¥)(f € A*). Then my(p) = m(p ® ¢) = 0 and for every
a€ Aand ¢ € A(A), we have

my(¢'.a) = m(p'.a @) =m((¢.a®.bpy)
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=m(¢ @¢.a®@by) =¢ @Y(a®by)
= ¢'(a).

Thus A is A-weak p-amenable. By a similar argument one can prove that B is A-weak
1-amenable.

Conversely, assume that A is A-weak p-amenable and B is A-weak -amenable. By
Theorem 1, there are bounded nets (aq)o and (bg)g in ker(¢) and ker(z)), respectively,
such that |¢'(aas) — ¢'(a)] — 0 and |¢/(bbg) — ¢/(b)| — 0 for all a € A,b € B, €
A(A),Y" € A(B), with ¢ # ¢ and ¢' # 1. Consider the bounded net ((aq ® bg))(a,)
in A®B. Let |jaa| < My, |bg|| < My and let F = YN ¢; @ d; € A®B. For every
¢ € A(A)\ {0} and ¥’ € A(B) \ {0}, we have

' @ ¢ (F.aq ® bg) — ¢’ @' (F)|

|

-

(¢ (ciaa) = ¢/(e) 0/ (dibg) + ¢ () (¢/(dibs) — /() |

=1

N
<D Molldi|[I1'1][ ¢ (ciaa) = @' (ci)] + D I lllesll |4 (dibs) — o' (di)]

i=1

-

Il
N

(2

.

Now let G € A®B, so there exist sequences (¢;); € A and (d;); € B such that G =
Yoigi e ®d; with Y20 [leill|lds|| < oo. Let € > 0 be given, we choose N € N such that
32 v leilllldill < e/4Mi M| [[|[9]] Put F = 3577, ¢ ® di. Since |¢f © ¢/ (F.aq ©bg) —
¢ @Y (F)| — 0, it follows that there exists (ao, fp) such that [¢’ @ ¢/ (F.aq @ bg) — ¢’ ®
V(F)| < e/2 for all (o, 8) > (v, Bo). Now for such a («, 3), we have

' @ ¢ (G.aa @ bg) — ¢’ @Y (G)]
= |¢' @Y (F.aa ® bg) — ¢’ @ ¢/ (F)

+ Y (¢ (ciaa)t/ (dibg) — ¢ (i)' (dd))]

i=1+N
o
< e/2+ 20 M|l N1 ) - lellldill < e/2+e/2=e.
i+N

Hence |¢' ® ¢/(G.aq @ bg) — ¢’ @ ¢/(G)| — 0. Also, clearly |¢’ ® ¢/(G.aq ® bg) — ¢’ ®
Y/(G)| — 0 for ¢/ =0 and ¢/ = 0 and it is easy to see that ((aq ®bg)) (a5 C ker(p®1)).
Therefore ARB is A-weak (¢ ® 1¥)-amenable, again by Theorem 1.

Corollary 1. Let A and B be Banach algebras. Then A®B is A-weak character amenable
if and only if both A and B are A-weak character amenable.
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3. A-weak character amenability of A x, B

Let A and B be Banach algebras with A(B) # 0. Let # € A(B). Then the direct
product A x B equipped with the algebra multiplication

(al,bl).(GQ,bg) = (a1a2 + Q(bg)al + e(bl)CLQ,blbg) (al,ag € A, by,by € B),

and the {!-norm is a Banach algebra which is called the §-Lau product of A and B and is
denoted by A xy B. This type of product was introduced by Lau [8] for certain class of
Banach algebras and was extended by Monfared [9] for the general case.

We note that the dual space (A xg B)* can be identified with A* x B*, via

((f,9),(a,b)) ={a, f)+ (b,g) (a€ A, f € A*,be B,g € BY).
Moreover, (A xg B)* is a (A xy B)-bimodule with the module operations given by

(f,9)-(a;b) = (fa+0(b)f, f(a)f +g.b) , (1)

and

(a,0).(f,9) = (a.f +0(b) ], f(a)0 +b.g) , (2)
foralla € A,be B and f € A*, g € B*.

Proposition 1. Let A be a unital Banach algebra and B be a Banach algebra and 0 €
A(B). Then A xg B has a A-weak approzimate identity if and only if B has a A-weak
approrimate identity.

Proof. Let ((aa,ba))a be a A-weak approximate identity for A xy B. For every
1 € A(B) and b € B we have,

|9 (0ba) — ()] = [(0,4)((0,0)(aq, ba)) — (0,4)(0,b)] — 0.

Then (by)q is a A-weak approximate identity for B.

Conversely, let e4 be the identity of A and (bg)s be a A-weak approximate identity
for B. We claim that (eq — 6(bg)ea,bg))s is a A-weak approximate identity for A x4 B.
In fact for every a € A,b € B and ¢ € A(A), we have

’(907 0) ((CL, b)(eA - 9(175)6,4, bﬁ)) - (907 9)((1, b)|
= }(go,@)(a +6(b)ea — 0(bbg), bbg)) — (¢, 0)(a, b)‘
= 0.

Also for every a € A,b € B and ¢ € A(B), we have

1(0,9)((a, b)(ea — O(bg)ea, bg)) — (0,9)(a, b)| = |1(bbs) — ¥ (b)] — 0.

Therefore ((ea — 0(bg)ea, bg))s is a A-weak approximate identity for A x4 B.
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Theorem 3. Let A be a unital Banach algebra and B be a Banach algebra and 0 € A(B).
Then A xg¢ B is A-weak character amenable if and only if both A and B are A-weak
character amenable.

Proof. Suppose that A xg B is A-weak character amenable. Let ¢ € A(A) U {0}.
Then there exists m € (A xg B)** such that m(p,0) = 0 and m(h.(a,b)) = h(a,b) for all
(a,b) € A xg B and h € A(A xy B), where h # (¢,0). Let eq be the identity of A and
define my, € A* by my(f) = m(f, f(ea)d)(f € A*). For every a € A and ¢’ € A(A), we
have

Also my(p) = m(p,0) = 0. Thus A is a A-weak p-amenable. Therefore A is A-weak
character amenable.

Let ¢» € A(B) U {0}. From the A-weak character amenability of A xg B it follows
that there exists a m € (A xy B)** such that m(0,v) = 0 and m(h.(a,b)) = h(a,b)
for all (a,b) € A xg B and h € A(A x¢ B), where h # (0,7). Define my € B** by

my(g) = m(0.9). So my() =m(0,4) = 0 and
(1) = m(0,4.6) = m((0,1/).(0,b)) = (0,1)(0, ') = ¥/(b),

for all b € B and ¢’ € A(B). Therefore B is A-weak character amenable.

Conversely, let A and B be A-weak character amenable. We show that for every
h € A(AxgyB), AxyB is A-weak h-amenable. To see this we first assume that h = (0, ),
where ¢ € A(B). Since B is A-weak character amenable by Theorem 1 there exists a
net (bg)g C ker such that |¢'(bbg) — ¢'(b)| — 0, for all b € B and ¢' € A(B), where
¢’ # 1p. Consider a bounded net ((e4 — 0(bg)ea,bs))s C A xg B. A similar argument as
in the proof of Proposition 1, shows that

}((10’ 9) ((a’ b)(eA - g(bﬂ)eA’ bﬁ)) - ((10’ ‘9)((17 b)} — 0,

and
1(0,4)((a,b)(ea — O(bg)ea, bs)) — (0,4)(a,b)| — 0,

for all ¢ € A(A),v € A(B) and a € A,b € B. Also one can easily check that ((e4 —
8(bg)ea,bg))s C ker h. So, by Theorem 1, A xg B is A-weak (0,1)-amenable.

Now let h = (¢,0), where ¢ € A(A). Since A is A-weak y-amenable by Theorem
1, there exists a net (aq)a C ker ¢ such that |¢'(aas) — ¢'(a)] — 0, for all @ € A and
¢ € A(A), where ¢’ # . Also since B is A-weak #-amenable again by Theorem 1, there
exists a net (bg)s C ker() such that |¢'(bbg) —¢'(b)] — 0, for all b € B and ¢’ € A(B),
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where ¢)" # 0. Consider a bounded net ((aa,bg))(a,5) C A xo B. It is easy to see that
((aa,b8))(a,p) € ker(ep,0). For every a € A,b € B and ¢’ € A(B), we have

(0,0)((a,b)(aa; bg)) — (0,4) (a,b) | = [¢/ (bbs) — ¥/ (b)] — 0,
and for every ¢’ € A(A),

‘(@/7 9) ((a7 b) (aa, b,@)) - ((/7/7 9) ((a7 b)) |
= |¢'(aaa) + 0(b)¢'(aa) — ¢'(a) — 6(D))]|
< |¢'(aaq) = ¢'(a)] + 10(b)||¢' (aaea) — ¢'(ea)| — 0.

So, Theorem 1, yields that A xy B is A-weak (¢, §)-amenable. Therefore A x¢ B is A-weak
character amenable.

4. A-weak character amenability of abstract Segal algebras

We start this section with the basic definition of abstract Segal algebra; see [2] for more
details. Let (A,|.||4a) be a Banach algebra. A Banach algebra (B, ||.||p) is an abstract
Segal algebra with respect to A if:

(i) B is a dense left ideal in A;
(ii) there exists M > 0 such that ||b]|4 < M||b|| for all b € B;
(iii) there exists C' > 0 such that ||ab||p < C||a||4||b||s for all a,b € B.

Several authors have studied various notions of amenability for abstract Segal algebras;
see, for example, [1, 11].
To prove our next result we need to quote the following lemma from [1].

Lemma 2. Let A be a Banach algebra and let B be an abstract Segal algebra with respect
to A. Then A(B) ={p|p: ¢ € A(A)}.

Theorem 4. Let A be a Banach algebra and let B be an abstract Segal algebra with respect
to A. If B is A-weak character amenable, then so is A. In the case that B? is dense in B
and B has a bounded approximate identity the converse is also valid.

Proof. Let ¢ € A(A). Since B is A-weak ¢|g-amenable, by Theorem 1, there exists
a bounded net (by)q in ker(¢|p) such that ‘wlg(bba) — w\B(b)’ — 0, for all b € B and

P € A(A), with ¥ # ¢|p. Let p € A(A) and a € A. From the density of B in A it follows
that there exists a net (b;); C B such that lim; b; = a. So

— 0.

¥(aba) = b(a)| = lim ]z (biba) = ¥lz(b:)

Then Theorem 1 implies that A is A-weak p-amenable. Therefore A is A-weak character
amenable.
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Conversely, suppose that A is A-weak character amenable. Let ¢|p € A(B). By
Theoreml, there exists a bounded net (aq)q in ker(¢) such that ‘¢(aaa) - w(a)‘ — 0,

for all a € A and ¢ € A(A), with ¥ # ¢. Let (e;); be a bounded approximate identity for
B with bound M > 0. Set b, = lim;(e;aqe;), for all a. From the fact that B? is dense in
B and continuity of ¢, we infer that b, C ker(¢|p). Moreover, for every ¥|p € A(B) and
b € B, we have

¥l (bba) = ¥15(5)| = lim |]5(beiaaes) — ¥ (0)]
= lim |91 (be?an) — v]p(D)
= |vlz(baa) = vlu®)| — .

Hence, B is A-weak ¢|g-amenable by Theoreml. Therefore B is A-weak character
amenable.

5. A-weak character amenability of module extension Banach algebras

Let A be a Banach algebra and X be a Banach A-bimodule. The [!-direct sum of A
and X, denoted by A &1 X, with the product defined by

(a,z)(d,2") = (ad,a.2" + x.a") (a,d € A, x,2" € X),

is a Banach algebra that is called the module extension Banach algebra of A and X.
Using the fact that the element (0,x) is nilpotent in A @1 X for all z € X, it is easy
to verify that
A(AG1 X) = {19 € A(A)},

where @(a,z) = ¢(a) for all a € A and z € X.

Theorem 5. Let A be a Banach algebra and X be a Banach A-bimodule. Then A &1 X
is A-weak character amenable if and only if A is A-weak character amenable.

Proof. Suppose that A is A-weak character amenable. Let ¢ € A(A &; X). By
Theorem 1, there exists a bounded net (aq)q in ker(yp) such that ’@b(aaa) - 1/1(@)’ — 0,
for all a € A and ¢ € A(A), with ¢ # ¢. Choosing a bounded net (aq,0), in A @®; X.
Clearly, (aq,0)q C ker(p). For every a € A,z € X and ¢ € A(A @1 X), we have

‘@((a,x)(aa,O)) ‘ ’ (aaa,x aa) - @Z;(a x)|

’ aaq) — ¢ |—>O

So, Theorem 1 implies that A @ X is A-weak ¢-amenable. Therefore A &1 X is A-weak
character amenable.
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For the converse, let ¢ € ~A(A) Again by Theorem 1 there exists a bounded net
(Ga,Za)a in ker(@) such that |¢((a,z)(aa,za)) — w(a,ac)’ — 0, forall a € A,z € X and
e A(A®; X), with ¢ # . So,

‘Q/J(aaa — ‘ ‘1/3 aaa,axa+xaa)—1;(a,x)‘
WNJ( aaaxa)) - w(%x)‘ — 0,

for all a € A and ¥ € A(A). Moreover, p(aq) = @(aq, ) = 0, for all a. Thus (aq)a C
ker(¢). By Theorem 1, A is A-weak @p-amenable. Therefore A is A-weak character
amenable.
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