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Abstract. Basic object of research in this paper are systems differential equations with variable struc-
ture and impulses. Switching moments, in which a change of the structure and impulsive effects on the
solutions are determined by means of the switching hyperplanes, belonging to the phase space system.
Changing the structure and impulsive effects on the solutions is performed at the switching moments,
which are determined by the switching hyperplanes of phase space system.

The switching moments coincide with the moments, when the trajectory of corresponding initial prob-
lem meets the switching hyperplanes.

The main aim of this studies is finding the sufficient conditions for continuous dependence of the
solutions of systems differential equations, specified above.

We will clarify that:

e The solutions are dying due to the impulsive effects;
e Continuous dependence is on the perturbations in initial conditions and impulsive effects;
e Continuous dependence is on an arbitrary closed interval, which is contained in maximum inter-
val of existence of the solutions.
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1. Introduction

The applications of differential equations with variable structure (without impulsive ef-
fects) are primarily in the control theory: [6, 11, 14, 17, 18, 21, 26, 29].

Impulsive equations (with fixed structure) are used most commonly for describing and
study development of dynamic processes, subjected to the discrete in time external influences:
[1-5, 12-16, 19, 20, 22, 24, 25, 27, 28, 30].

Differential equations with variable structure and impulses are introduced in [23]. Some
qualitative characteristics of their solutions are studied in [7-9, 14].

The following initial problem is the main object of investigation

C(il_)t( :fi(t,X), if <Cli,X(t)) ?é a;, i.e. ti<t<t, (1)
(ai,X(ti)>:ai, i=1,2,..., (2)
X(tl+0) :JC(ti)+Ii (x (ti))a (3)
x (to) = xo, 4)

where

e The functions f;: Rt x D — R" and domain D C R";

The vectors a; = (al.l, az,..., a?) €R", q; # 0 and the constants a; € R;

e (.,.) is the Euclidean scalar product in R";

The switching functions ¢; = (a;, x) —a;, 1=1,2,...;

The switching sets ®; = {x € D;(a;,x) =a;}, i = 1,2,..., are parts of the hyper-
planes, situated in phase space D of the system;

e The functions I;: D — R" and (Id+1I;) : D — D;
e The initial point (t,xy) € R* X D and (a;, xo) # a;.

The solution of initial problem is a piecewise continuous function with first type points
of discontinuity: tq,t,,.... It is continuous from the left at all points in its domain. The
points tq,t,,... are named moments of switching. The functions I;, i = 1,2,..., are called
impulsive. As seen from (1) and (2), the functions ¢; (x) = (a;, x) — a; are linear, and their
corresponding sets:

<I>i:{xeD;(ai,x)=ai1x1+ai2x2+...+a?x":ai}, i=1,2,...

are parts of the hyperplanes, situated in the phase space D. The functions and their corre-
sponding sets ®,,i = 1,2,..., are named switching functions and switching sets.
The following notations will be used:

'f:{f1:f2a~~}: ‘10:{901:<P2>-~~}) I:{IDIZ""};
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o x (t;tg, %0, f,¢,1) is the solution of problem (1), (2), (3), (4);

e x; (t;tg,xo) is the solution of problem with fixed structure and without impulses
dx )
EZfi(t,x),x(to)zxo, i=1,2,...; (5)

e The curve y (tg,xo, f, ¢, 1) = {x (t;to, %0, f,¢,1), t €J (to, %o, f,,I)} is the trajec-
tory of problem considered, where J(tq, X, f, ¢,I) is the maximum interval of existence
of the solution;

e The curve v; (to, xo) = {x (t; tg,%0), t €J (tg, X0, f;)} is the trajectory of problem (5),
where J (t, Xo, f;) is the maximum interval of existence of the solution, i =1,2...;

e || .|| and (.,.) are the Euclidean norm and scalar product, respectively in R".
Further, the following conditions will be used:

H1. The functions f € C[R" x D,R"], i =1,2,....

H2. The functions I; € C[®;,R"] and (Id +1;) : ®; — D, i =1,2,....

H3. For any point (tq,xy) € RT x D and for each i = 1,2,... the solution of initial problem
(5) exists and is unique for t > t,.

H4. The equalities:
la; =1, i=1,2,...

are fulfilled;
H5. The inequalities:
({a;, (Id + I;_)(x)) — a;){a;, fi(t,x)) <0, (t,x) ERT xD, i=1,2,...
are valid, where Iy(x) =0 for x € D.
H6. There exist constants Cy,, ry > 0 such that
(V(t,x) €R" x D) = [(a;, fi(t,X))| = Ciq, 7y, 1=1,2,....
H7. There exist constants C,, > 0 such that

(Vx € &) = [{aj41,(Id + ;)(x)) — ;41| =C

ait+1°
. o Cajy1 -
H8. The series »,._, —*— is convergent.
i=1¢C
(aj41-fit1)

H9. There exist constants Cy, > 0 such that
(V(t,x) eR* x D) = f(t,x) IS Cs, i=1,2,....
H10. There exist constants Cp;,;, > 0 such that

(Vx,x €D)=>|;(x ) —Li(x )| < Cpypy, | x —x |, 1=1,2,....
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2. The Death of Solutions

Definition 1. We say that the solution of system (1), (2), (3) dies due to the impulsive effects, if:

1. It is fulfilled

(Vto > 0) (Vxo € D) (Vi=1,2,...) =>J (to, X0, fi) = [tg,0);
2. We have
(Vty =0)(Vxo €D)
(A1, = I (to, x0), I = I (to, Xo),...; Ij,Ip,...: D — RY)
(3t° =t%ty, x0,I1,15,...) = const €R, > ty):
J (to»xo, f>¢,1) = [to, ).

In other words, it is satisfied:

1. For every choice of an initial point from the extended phase space of system under consideration
and for any fixed right side, belonging to the set of right sides for the basic system (1), the
solution of initial problem with fixed structure and without impulses is continuable up to
infinity;

2. For every choice of an initial point from the extended phase space, the switching functions

exist, such that the solution of corresponding problem with variable structure and impulses
(1), (2), (3), (4) has a limited maximum interval of existence.

Theorem 1. Let the conditions HI-H6 be satisfied.
Then the trajectory of problem (1), (2), (3), (4) meets each of the hyperplanes ®;,i =1,2,....

Proof. We will show that the trajectory of problem meets the hyperplane ®;. From H5 it
follows that at least one of the following two cases is fulfilled:

Case 1. ((a;,x) —a;) <0, x € D and {ay, f,(t,x)) >0, (t,x) ER" x D ;

Case 2. ({a;,x) —a;) >0, x €D and (a;, f,(t,x)) <0, (t,x) €ER" x D.

We will discuss Case 2. The first case is considered similarly. Function

Y1 (t) = {ay, x1(t; to, x0)) — a4

is introduced, where x;(t; tq,xg) is the solution of problem (5) for i = 1. Function v; is
defined for J (tg, xg, f;) = [tg,00). We have

P1(to) = (ay, x1(to; to, Xo)) — a3 = {ay, xo) — a; > 0.

According to condition H6, it is satisfied

d _,da
- ¥1(6) =(ar, (8 to, %))
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=(ay, f1(t, x1(t; to, x0)))
= —{ay, f1(t; x1(t; to, xp)))|

== Clay,fy)
= — const <O0.

A

By the facts

YP,(te) >0 and %‘#1(0 < —const <0, t>tg,
it follows that there exists a point t; > tq, such that
(aq, x1(t1; £, x0)) — ap =1(£,) = 0.
It means that at the moment t, the trajectory v(tq, Xo) meets hyperplane ;. Given
7(to, Xo, f5 ¢, 1) = 11(to, xo) for to <t <ty

we conclude that the trajectory of problem (1), (2), (3), (4) meets also the hyperplane &, at
moment t;.

Assume that, the trajectory of problem investigated consistently meets the hyper-planes
®,,9,,...,P;, respectively in the moments t,to,...,t;, at which t; < ty <,...,< t; is ful-
filled. We will show that the trajectory y;.1(tg,x(t; + 0; to, X)) meets hyperplane ®;,q,
whence it follows that the same is true for the studied trajectory y(tq, xq,f,,I). Again,
take into account condition H5, without loss of generality, we assume that the following in-
equalities are valid:

(aj1(Id + I;)(x)) — aj41 >0, x € D and (a1, fi11(t,x)) <0, (t,x) ER* xD.  (6)
We coincide the function 1)); , 1, defined by
Vi () = (a1, %4165 6, x(E; + 0560, %0))) — A1, 2t (7)
We have

Yip1(t) =(aip1, X1 (t55 £, x(t; + 05 to, X0, f, 0, 1)) — Aipq
(@j1,x(t; + 05 to, X0, f, ¢, 1)) — ajy1
(a
(a

i+1)x(ti; tO) xOJfJ (P,I) + Ii(x(ti; t(), xO’f’ (109[))> — Qi
i+1:(Id + I)(X(tl, tO; xo,f, L1051))) — Qi > 0.

When t > t;, it is fulfilled

d
EwH—l(t) :(ai+1’fi+1(t: XH—l(t; tO:X(t; tO’ xOsf) (P’I))))

= |(ai+1>fi+1(t> XH_l(t; to,X(t; t(), X(),f, (p;I)))H

IA

Qiy1:fiv1)
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= — const <O0.

Therefore, there exists a point t; 1 > t; such that

Yit1(tiy1) =0 & (a1, Xi41(tig1; to, x(t; + 05 to, Xo, £, 9, 1))) — a1 = 0.

The last equality shows that the trajectory v, ;(to, x(t; + 0; to, Xo, f, ¢, 1)) meets the hyper-
plane ®;; at the moment t; ;. This also applies to the trajectory y(ty; xo, f, ¢, I).

The proof of a theorem follows by induction.

The theorem is proved.

Theorem 2. Let the conditions HI-H7 be satisfied.
Then the following estimates are valid

Cai+1 .
tigqg— < —", 1=12,....
(@iy1.fi1)

Proof. Let i be arbitrary natural number. Consider the function v;, ;, defined by equality
(7). Directly, we get the next equality

(aH-],X(ti + 0: tO: xO;f: ()0:[)> — Qi
Yip1(t) = = (aj11, x(t;5 to, X0, £, 0, 1) + L(x(t;5 to, X0, f, @, 1)) — a1, t=1t;;
(aip1, x(t5t0, X0, f, 0, 1)) — g1, t; <t =t.

Suppose again that the inequalities (6) are valid. Under condition H7, we find

Vi1 (tip1) = Y () =(az1, x(tig1s to, Xo, 5 9, 1)) — (@1, X(&; + 05 to, Xo, f, @, 1))
= — (@31, x;(t;; to, xo) + I;(x (&5 to, X0))) + @41
=[{ajt1, (Id + I;)(x;(t;;5 to, x0))) — @ipal
<C (8)

— a1

On the other hand, using the conditions H6 and H4, we consistently obtain

d
Yip1(tivr) = Yiva(t;) :Ewwl(t*)(tﬁl —t;)

d *
:E ((ai+1,X(t ;tO: XO)f: (10’[)> - ai+1)'(ti+1 - ti)
d
:E(<ai+1;xi+1(t*; to, x(t; + 05 tg, xo, f, ¢, 1)) — ay1)(tip1 — t;)

=(apy1, fip1 (67, x40 (675 o, x (¢ + 05 to, X0, f, ¢, 1)) (i1 — t;)

2l aipq | -Cray,y finy)-(Lig1 — E1)

=Clay,p fin)-(Lig1 — i), )
where the point t* satisfies inequalities t; < t* < t;1. By (8) and (9) it follows the wanted

estimate.
The theorem is proved.
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Theorem 3. Let the conditions H1-H8 be satisfied.
Then the solutions of system (1), (2), (3) die due to the impulsive effects.

Proof. It is valid
J(tO: xo’f’ SO,I) = [t07 tl] U(tla tZ] U(t27 t3] U vl = [tO) to))
where
tO = hm ti

1—00

=t — llgglo ((tg—t))+(t3—tx)+...+(t; — ;1))
o0

=t +Z(fi+1 —t;)
i=1

<t; + i & < 0.
i=1 C(ai+1’fi+1>

The theorem is proved.

3. Continuous Dependence on the Impulsive Effects

The perturbed initial problem is introduced:

*

S ), i (apx (O) £ ag, de £, <t<t] (10)
dt —Ji X ), 1 al’x al’ L.e. i—1 i’
(aj, x*(t))=a;, 1=1,2,..., (11D
x*(tF +0) = x* (1) + I (x*(£])), (12)
x*(tg) = xg, (13)
where
e The functions I’ : D — R", (Id +I/): D — D and I" = {I},I3,...};

The initial point (¢, x;) € R* x D and (a;, x}) # a;;

The solution of problem (10), (11), (12), (13) is denoted by x*(¢; tg, x5, f, @, I");

The maximum interval of existence of the solution of problem (10), (11), (12), (13) is
denoted by J*(tg, x4, f, @, I%);

Definition 2. We say that the dying solution x(t; ty, X, f, @, ) of initial problem (1), (2), (3),
(4) depends continuously on:
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e The initial condition, if I* = I and

(Ve = const >0) (Vn = const >0) (VT €J(tg,x0,f, 0, 1) *(ty, x5, f,¢,1))
(6 =6(e,m, T, tg,xg) > 0) (An; = n;(e,n, T, tg,x9) =0, i=1,2,..., Zfil n;<n):
(Vey e RY, [t — tol < 8)(Vxj € D[\Bs(x), (ay,x;) # a)

[l (65 6, X5, £, 0. 1) — x(6 Lo, X0, £ 0, D 1< 5,
te [t T], lt—t|>n;, i=1,2,...;

e The impulsive effects, if (t;, x;) = (tq,Xo) and

(Ve = const >0) (Vn = const >0)(VT eJ(tO,xo,f,go,I)ﬂJ*(tOéoxO,f,w,l*))
(35 = 5(8)77) T)I) > 0) (3771 = 771‘(5,"7, T:I) Z 0; i= 172>"'7 Zi:l ni < 'f)) :
(VI : D — R", || F(x) = L(x) < 6,x €D, i=1,2,...)
:“X*(t, thXO:f:(P;I*)_X(t; tO:anf;(P)I)||<€,
te[ty,T], lt—t;|>n;, i=1,2,....

Theorem 4. Let the conditions H1, H3, H5, H6, H9 and H10 be satisfied for i = 1.
Then
(E|C1,C2, C3 S R) .
(Vw = const >0)(FI6 =6(w), 0< 6 < w):
(Vtg eRT, [t5 —tol < 8)(Vxj €D, || x5 —x011< )
(VI] € C[D,R"], || I(x) — I;(x) |[< & for x € D)

it follows:

1. The solution x*(t; t, xq, f, ¢, 1) of system (10), (11), (12), (13) cancels the switching func-
tion , at a point t3;

N

(e g, xg, £, IF) = x(t5 b, X0, £, 0, D IS 0, (0% < ¢ < ¢i0in;
070 0 1

W

. |t?l< - t]_l S C]_O.);
4. || X*(fi, t;;; Xé:f: (pﬂl*) - x(tl; tO; XO)fJ 9051) ||S CZO‘);

. || X*(tT +0: tEk); xé:f: (,D,I*) - x(tl +0: t(),xo;f, (P,I) ||S CSw'

9]

Proof. At first, we will show that the trajectory of perturbed problem meets the hyperplane
;. Based on condition H5, we suppose that the next inequalities are valid:

({ay,x) —a;) <0, x €D and (ay, f1(t,x)) >0, (t,x) €RT x D.

The case of reverse inequalities, is considered similar. From the inequalities above, it follows
that ({a;,xg) — a;) < 0. We have

(36 = const > 0):
(Vx5 €D, |l x5—x0 1< 8) = ({ar,x5) —a;) <O.
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The function v ](t) = {(ay, x1(t; t5, x5)) — @y is introduced, where t > tg and x,(t; tg, x;)

is the solution of problem
dx * *
E:fl(t:x): X(to)zxo-

For t = t, it is true
Pi(tg) = {ag, x1(tg; t5, Xg)) — ay = {ay, x5) — a; <O. 14)

On the other hand, using condition H6 for t > tg, we have

d
aw’{(t) = {ay, f1(t, x(t;t5,x3))) = Ciq, f,) = const > 0. (15)
By (14) and (15) it follows that there exists a point tT > té , such that
(ay,x1 (€75 t0, x0)) — g = 7(t7) = 0.

From the last equality, it follows that the solution of system (10), (11), (12), (13) cancels the
switching function ¢, at the point t] .

According to the theorem of continuous dependence of solutions of systems differential
equations with fixed structure and without impulses on the initial condition (see Theorem
7.1, S 7, Chapter I, [10]- further for brevity, called the theorem of continuous dependence),

we obtain that
(Vew = const >0) (36 =6(w), 0<d < w):
(‘v’té eRT, ItE‘; —tol < 5)(‘v’x3 €D, | xé — X |l< &)

it follows

11261 (25 25, %) — %1 (5 £, X0) |l

:HX*(t, té,xg,f, ‘PI*)—X(R to,Xo,f,(P,I) ||S w, tglax< t < tinin- (16)

Let t; = trlnin = min{t}, t;} . Then in particular, from the inequality (16) for t = t, it follows

w > || x1(tq; tg, x5) — x1(t1; to, x0) |
= || x1(t1; tg, x5) — x1(t1; t0, x0) Il - [ ay |l
>|(x1(ty; tg, x5) — x1(t1; to, Xo),ar)l
=[(x1(t1; tg, x5),a1) — aql
=[{x1(tq; tg, xg), ar) — (xq(t]; 5, x5), ar)l
(

= Xl(tl; t;; XS) - x](ti; t;: XS), a]_)l

&
<J fl(T) XI(T; té: XS))dT, Cl1>
t

= f (f(7, %1 (7385, %)), ar)d T
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fq
=J (f1(7,x1(7; 6, x3)), a1 ) d
t

ZC(al,fl)(tT —t1),

whence, we obtain the estimate

[t] =t =t]—1; < = Cw.

C<a1,f1>

Statement 4 of theorem is proved by using the following sequence of inequalities:

|| X*(f{; té: x$>f> (PJI*)_X(tl; to, x(),f, (10>I) ”
= || x1 (75 t5, x5) — x1(t1; to, Xo) ||
< 1 xq (875 g5 xg) — x1.(t15 g, xg) ||+ 1l 31 (£45 tg, X)) — X1 (£45 0, X0) |l
t
< fr(m,x1(7;t5, x))d T ||+ w
t

<Cp(t]—t))+w
<CyCiw+w

:Cz(l).
Finally, the last statement of theorem follows from the inequalities:

| x*(t1+0; tg, xq, f, 0, 1) — x(t1 + 0; to, X, f, , 1) ||
= || x1(t3; tg, xg) + I3 (1 (75 tg, x5)) — Xx1(t1; to, Xo) — I1(x1(t1; to, X0)) |l
< g (755, x5) — x1(t1; to, xo) || + 1 I3 Geq (875 t 5, x5)) — I3 (31 (15 to, x0)) |l
<G+ || I Oeq (875 g, x0)) — I (1 (£75 £, X)) |l
+ || I Oep (875 £5, x5)) — I (1 (t15 £, X)) |l
<Cow + 6 + Cripy, |l x1(t7; g, x5) — x71(t1; to, Xo) |l
§C2w+a)+CLip11C2co

:CBCL).

The theorem is proved.

Theorem 5. Let the conditions HI-H10 be satisfied.
Then the dying solution x(t;tg, xo, f, ¢, 1) of initial problem (1), (2), (3), (4) depends con-
tinuously on the initial condition and impulsive effects.

Proof. For the convenience, we structure the theorem proof into several parts:
Part 1. As:

e J(ty, X0, f, 0, 1) = (to,t°), t° = const (see Theorem 3);
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o T EJ(tO,XO,f, (IOJI) S tO =< T < to;
e limt; =10,
1—00
it follows that the closed interval [ty, T] contains a finite number of switching moments. Let
the inequalities ty < t; <ty <...<t; < T < ty4 be valid.

Part 2. Let ¢ and 7 be arbitrary positive constants. Let the constants 1, 11,1, ... satisfy
the inequalities:

0<mg< %(tl — to);
0 <m <min{3(t; = t;_1), 5 (61 — t)in/k}, i=1,2,...,k;
'f]iZO, l:k+1,k+2,

It is obvious that Zil n; < 7. In addition, if [¢] — t;] <, fori =0, 1,..., then
(D < AN o N < pIAX gD < gAY
Part 3. Applying Theorem 4, we have:
(V61,0<6;,<¢€)(36¢=060(61,8,M1,t0,X9) = const, 0<6y<0d;):
(Veg € RY, |65 — tol < 80) (Vx5 €D, || x5 —xo II< 8¢)
(VI; € C[D,R"], || I}(x) = L(x)|l< & for xe€D)
it follows:
e The solution x*(t; t§, x5, f, ¢, I") cancels switching function ¢; at point t7;
o | x*(t565, x5, f, 0, 1) = x(t5 t0, X0, £, 0, D IS 61 <, tf™* <t <™
o [t] — t1] <min{6;,m};
o |l x*(t] +0; 5, xg, f, 0, I") = x(t1 + 0 tg, X0, f, 0, I) [|< 1.
Part 4. Applying Theorem 4 consistently for i =1,2,..., k. We obtain:
(Vi11, 0< 641 <€) (36; =6i(611,€,Miy1, to, Xo) = const, 0<6; <b;4q):
(Vef €RT, [t — ;] < 8;) (I x (7™ + 05 5, x5, £, 0, I7) = x(£7* + 05 to, xo, f, ¢, ) [|I< 6;)

(VII:JEC[D’RH]J ||I;k+1(x)_1i+l(x)”<5 fOT XED)
it follows:
e The solution

(e t], XM (e + 05t 5, x4, £, 0, I°), f, 0, 1) = x*(t;5 t 5, x5, f, @, ')

cancels the switching function ¢, at point ¢ ;;
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hd ||X*(t; t;)xg)f: LP)I*)_X(t; tO’XOsfa (P5I)||55i+1 <g, tmax< t< t{r_li_ull3
o [t7, —tip1| Smin{6; 41, M4}
b || X*(t;k+1 + 0; tEk); xé;f: (P;I*) - x(ti-l—l +O: t(),xo,f, SO)I) ||S 5i+1'

Part 5. The constants 8y, 01,...,0; are defined in descending order. Firstly, we fix
Or+1>, 0 < Opy1 < minfe,ni 1} After that, we determine consistently (in that decreasing
order) the constants &y, 6_1,...,00, (6k41 > Ox >,...,> 8y). From the previous two parts,
we receive that

(Vey € RY, |t — tol < 8¢) (Vxg €D, || x5 — xo II< 8¢)
(VI € C[D,R"] || I/ (x) = I;(x) I< 6; < 6y for x€D)
=” X*(t, té)xéiif’ ()O)I*) - X(t, tOJXOJf) (P:I) ||< g,
max’ mm]U(tmax trzmn U U(tmax t?—:—q
Part 6. We have
max mln]U(tmax rmn U U(tmax trkn-il-nl
|: ¢max tmm]\((tmm maX)U(tmm maX)U U(tmln rnaX))
k+1 k
S, TIN = 10, t1 A [t = n20 ta + 021 - Ltk = 70 te+mi)
=[tg™, Tt —t;| >mn;, i=1,2,....
Part 7. From the previous two parts, we find
(Vtg € RY, Ity — tol < 80) (Vx5 €D, || x5 — X0 1< 8p)
(VI € C[D,R"], | I;(x)=L;(x)I<6; <8y for xe€D)
ﬁ” X*(t) té)xéaf: (P,I*) - X(t, t01x0>f> %I) ||< g,
te[ty™,T], [t—t;|>n;, i=12,....

The theorem is proved.
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