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1. Introduction

In 1965, L. Zadeh first introduced the theory of fuzzy sets in his pioneer paper [14]. After
the birth of fuzzy set theory it has achieved manifold applications than the ordinary set theory.
From the beginning of fuzzy set theory it was clear that this theory was an extraordinary tool
for representing human knowledge. However, L. Zadeh himself established that sometimes, in
decision-making processes, knowledge is better represented by means of some generalizations
of fuzzy sets. The so-called extensions of fuzzy set theory arise in this way. Interval-valued
fuzzy sets were introduced independently by Zadeh [15], Grattan-Guiness [5], Jahn [7],
Sambuc [12] in the same year 1975 as a generalization of ordinary fuzzy set. In the field of
applications, the success of the use of fuzzy set theory depends on the choice of the mem-
bership function that we take. However, there are applications in which experts do not have
precise knowledge of the function that should be taken. In these cases, it is appropriate to
represent the membership degree of each element to the fuzzy set by means of an interval.
From these considerations arises the extension of fuzzy sets called theory of Interval-valued
Fuzzy Sets (IVFSs) that is, fuzzy sets such that the membership degree of each element of the
fuzzy set is given by a closed subinterval of the interval [0, 1]. Thus an interval-valued fuzzy
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set (IVFS) is defined by an interval-valued membership function. It is important to note that
not only vagueness (lack of sharp class boundaries), but also a feature of uncertainty (lack of
information) can be addressed intuitively by interval valued fuzzy set. After the introduction
of the concept of interval-valued fuzzy set some authors [2, 6, 8, 10, 13] investigated the top-
ics related to interval-valued fuzzy set and obtained many meaningful conclusions. There are
natural ways to fuzzify various algebraic structures and it has been done successfully by many
mathematicians. A. Rosenfeld [11] is the father of fuzzy abstract algebra. He first studied the
notion of fuzzy subgroup in 1971. After that in 1979, N. Kuroki [9] introduced the concept of
fuzzy semigroup. In 1993, J. Ahsan, K. Saifullah and M. Farid Khan [1] introduced the notion
of fuzzy semirings. In 1994, TK. Dutta and B.K. Biswas [3] characterized fuzzy prime ideals of
a semiring. Recently, many results of semiring theory are investigated by many researchers in
fuzzy context. In this paper, we initiate the study of fuzzification of some concepts of semiring
by using the concept of interval valued fuzzy set. Our main purpose of this paper is to study
prime ideals and completely prime ideals in semirings with the help of interval valued fuzzy
sets.

2. Preliminaries

Firstly, we recall some definitions and results of semirings and fuzzy algebra which we
shall use in this paper.

Definition 1 ([4]). A non-empty set S together with two binary operations "+’ and -’ is said to
be a semiring if

(1) (S,+) is an abelian semigroup;
(i) (S,-) is a semigroup and
(iii) a-(b+c)=a-b+a-cand(b+c)-a=b-a+c-aforala,b,c€S.

Let (S,+, ) be a semiring. If there exists an element ’0g’ € S such thata+ 053 =a =05+a
and a - 0g = Og = Og - a for all a € S; then 'Oy’ is called the zero element of S. If there exists
an element ’1s’ € S such that a-1¢ = a = 15 -a for all a € S, then ’1¢’ is called the identity
element of S.

A semiring may or may not have a zero and an identity element.

e Throughout this paper we consider a semiring (S, +, -) with zero element ’0g’ and identity
element '1¢’. Unless otherwise stated a semiring (S, +,) will be denoted simply by S and
multiplication ’” will be denoted by juxtaposition.

Definition 2 ([4]). A semiring (S, +,-) is said to be commutative if (S, -) is commutative.
Definition 3 ([4]). Let I be a nonempty subset of a semiring S. Then

() I is said to be a left ideal of S if (I,+) is a subsemigroup of (S,+) andsa €I foralls €S
and for all a € I.



T. Dutta, S. Kar, S. Purkait / Eur. J. Math. Sci., 1 (2012), 1-16 3

(i) I is said to be a right ideal of S if (I, +) is a subsemigroup of (S,+)and as €I foralls €S
and for all a € I.

(iii) 1 is said to be an ideal of S if it is both a left ideal and a right ideal of S.

Definition 4 ([4]). A proper ideal P of a semiring S is said to be prime if AB C P for any two
ideals A, B of S implies that either AC P or B C P.

Proposition 1 ([4]). The following conditions in a semiring S are equivalent:
(i) P is a prime ideal of S.
(i) {arb:reS}CPifandonlyifac P orbeP.

Definition 5 ([4]). A proper ideal I of a semiring S is said to be completely prime if ab € I for
a,b in S implies thata €l or b €1.

Proposition 2 ([4]). A prime ideal P of a semiring S is completely prime if and only if ab € P
implies that ba € P for any a,b € S.

Definition 6 ([8]). An interval number on [0, 1], denoted by a, is defined as the closed subin-
terval of [0,1], where @ = [a~,a™] satisfying 0 <a~ <a* <1.

e For any two interval numbers @ = [a~,a*] and b= [b~,b"] we define :
() @<bifand onlyifa” <b~ and a™ < b™.
(i) @=b if and onlyifa—=b~ and a™ = b™.
(iii) a< b if and only if a # bandd <b.

Note 1. We write @ > b whenever b < @ and @ > b whenever b < @. We denote the interval
number [0,0] by O and [1,1] by 1.

Definition 7 ([2]). Let {a; : i € A} be a family of interval numbers, where a; = [ai_,a;r]. Then
we define sup;ep{a;} = [Sup;ep a; , SUPjep a;r] and inficp{a;} = [inficp a7, inficp a;r]-

e Suppose D[0, 1] denotes the set of all interval numbers on [0, 1].

Definition 8 ([14]). Let S be a non-empty set. A mapping u : S — [0,1] is called a fuzzy
subset of S.

Definition 9 ([8]). Let S be a non-empty set. A mapping i : S — D[0, 1] is called an interval-
valued fuzzy subset of S.

e For simplicity, throughout this paper we shall use the term ’i.v. fuzzy subset’ for ’interval-
valued fuzzy subset’.
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Note 2. If i be an i.v. fuzgy subset of a set S, then (x) is an interval number, where x € S.
Suppose p(x) = [a, ] for some x € S. Then we have 0 < a < 3 < 1. So we can always
define two fuzzy subsets u~ and u* of S such that u~ (x) = a and u*(x) = B. Thus we have
a(x) = [u (x),u(x)] for all x € S. Conversely, suppose we have two fuzzy subsets u~ and u*
of S such that 0 < u~(x) < ut(x) <1 for all x € S. Then we can define an i.v. fuzzy subset [i
of S such that i(x) = [u (x),ut(x)] forall x €S.

Definition 10. Let X # 0 be a set and A € X. Then the interval-valued characteristic function
%A Of Als an i.v. fuzzy subset of X, defined as follows:

7.(x) 1 when x €A.
x)=+~
xa 0 when x ¢ A.

Definition 11. Let u; and U5 be two i.v. fuzzy subsets of a non-empty set X. Then u; is said to
be subset of i, denoted by 17 € [ig, if 1 (x) < fio(x) ie. uy(x) < py (x) and uf(x) < ud (x)
for all x € X, where [1;(x) = [u; (x), 17 ()] and fi5(x) = [t (), 3 ()],

Definition 12 ([8]). Let i be an i.v. fuzzy subset of a non-empty set X and [a, 8] € D[0,1].
Then the level subset of i, denoted by U({i, [a, B]), is defined as :

Ui, [a, B1) = {x €X : i) = [0, B1}.

If we consider two interval numbers [a;, ;] and [a,, 5] such that [a,3,] > [as, B2],
then we have [ay, f1] = [ay, B>] and [ay, B1] # [as, 2]

In this case, we find that U(li, [ay, $,]) S U(i, [y, B2]), since for any
x €U, [ag, f1]) = p(x) = [ag, f1] = [ay, fo] = x € U, [ay, B2]).

So we have the following result :

Proposition 3. If [al_,ﬁl] and [as, B5] be two interval numbers such that [a,, 1] > [@3, Ba]
then U(, [aq, B1] € U, [z, B2])-

Definition 13 ([8]). The interval Min-norm is a function _
MiniN:D[O, 1] xD[0,1] — D[0, 1], defined by: Mini(@,b) = [min(a~,b~),min(a™, b)] for
alla,beD[0,1], whered=[a",at]and b=[b",b*].

Definition 14. The interval Max-norm is a function Max! : D[0,1] x D[0,1] — D[0,1],
defined by: Max'(@,b) = [max(a~,b~),max(a*,b")] for all @, b € D[0,1], where
d=[a ,at]and b=[b",b"].

Definition 15. Let u; and U5 be two i.v. fuzzy subsets of a non-empty set X and ’-’ be a binary
composition on X. Then the composition of these two i.v. fuzzy subsets is an i.v. fuzzy subset of
X, defined by :

o SUDy—q.p {Mini ([I{(a),ﬁg(b)) }, when x =a - b for some a,b €X.
(U oux)(x) =+ ~ )
0, otherwise.

When we consider the composition of two i.v. fuzzy subsets of a semiring, the second case will not
arise as we consider a semiring with identity element in this paper.
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Thus the composition of two i.v. fuzzy subsets pi; and i, of a semiring S is given by
(T 0oliy)(x) = supy—gp {Mini ([jl(a), ﬁz(b))} for all x € S such that x = ab forsome a,b € S.

e Throughout this paper we assume that any two interval numbers in D[0,1] are
comparable i.e. for any two interval numbers a and b in D[0, 1], we have either a < b
ora > b.

2.1. Interval-Valued Fuzzy Prime Ideal of a Semiring

Definition 16. A non-empty i.v. fuzzy subset [i of a semiring S (i.e. fi(x) # 0 for some x € S)
is said to be interval-valued fuzzy ideal of S if

() Blx+y) = Min'(f@(x), 5(y))
(i) B(xy) = Max'(f(x), B(y)) for all x, y € 5.

Example 1. We consider the semiring N, of non-negative integers with respect to usual addition
and multiplication. Let @i be an i.v. fuzzy subset of N, defined by :

1 if x =0,
u(x)=1 [0.5,0.6] if x is non-zero even,
[0.3,0.4] if x is odd.

Then U is an i.v. fuzzy ideal of N.
Remark 1. Let i be an i.v. fuzzy ideal of a semiring S. Then (0g) > ti(x) for all x € S.

Lemma 1. Let S be a semiring and A be a subset of S. Then A is an ideal of S if and only if ¥, is
an i.v. fuzzy ideal of S.

Proof. Let A be an ideal of S. Then Og € A. So 74(05) = 1 and hence 7, is non-empty. Now
suppose that x,y €S.
Case 1: Let Maxl(xA(x) 1Ay = 0. Then 2alx) = 0 and XA(}’) =0. So
Talxy)>0= Max‘()(A(x) 7a(y)) and Z(x +y) = 0 = Min' (Xa(x), 2a(¥)).
Case 2: Let Max'(74(x), 74(y)) = 1. Then 2alx) = 1or 1a(y) = 1. This implies that x € A
or y €A. Then xy €A, since A is an ideal of S. This shows that

Ta(xy) = 1= Max'(7a(x), 7). Now
Max'(7a(x), Ta(¥)) = 1= Min'(Za(x), Za(¥)) =0 or 1.

Min'(Fa(x), Za(y)) = 0 => Fa(x + ¥) = Min' (74(x), Za(¥)).

Min'(7a4(x), ¥4(y)) = 1= xa(x) = 1 and XA(J’) =T=—xcAandycA=x+y €A
(since A is an ideal of §) = ¥4(x +y) = 1 = Min!(¥4(x), Za(y)). Consequently, ¥, is an i.v.
fuzzy ideal of S.

Conversely, let 7, be an i.v. fuzzy ideal of S. Then 7, is non-empty. So ¥4(s) # 0 for some
s €S. This implies that 74(s) = 1 for some s € S. So s € A. Hence A is non-empty. Let x, y € A.
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Then 74(x) = 1 = 74(y). Now since 7, is an i.v. fuzzy ideal of S, we have 7,(x + y) >
Min'(74(x), 7a(¥)) = Mini(1,1) = 1. So Fa(x +y) > 1. Also 74(x +y) <1, since 74(z) <1
for all z € S. Thus 74(x + y) = 1. So we find that x + y €A. Now, let a €A and s; € S. Then
74(a) = 1. Now since 7, is an i.v. fuzzy of S, we have ¥4(s;a) > Maxl(xA(a) Tals)) = 1.
So 7a(sya) > 1. Again 7(sya) < 1. Thus we find that 74(s;a) = 1. Consequently, s;a € A.
Similarly, we can show that as; € A. Hence A is an ideal of S.

Lemma 2. A non-empty i.v. fuzzy subset [ of a semiring S is an i.v. fuzzy ideal of S if and only
if UL, [a, B]) are ideals of S for all [a, B] € Im[i.

Proof. First suppose that i is an i.v. fuzzy ideal of S. Let [a, ] be an arbitrary element in
Imfi. Now consider the level subset U(fi, [a, ]). Since [a, 8] € Imfi, we have [i(sy) = [a, ]
for some so € S. This implies that s, € U(fi, [, 8]1). So, U(fi, [, B]) is non-empty. Now take
x,y € U, [a, B]). Then we have fi(x) > [a, 8] and f(y) > [a, B]. Since [i is an i.v. fuzzy
ideal of S, we have fi(x + y) > Min'(f(x),@(y)) > [a,B]. So we get x +y € U(i, [a, B]).
Again let a € U(fi, [a, B]) and s; € S. Then [i(a) > [a, B]. Since i is an i.v. fuzzy ideal of S,
we have [i(s;a) > Max'(fi(s;), fi(a)) > [a, B]. This implies that s;a € U(fi, [a, B]). Similarly,
we can show that as; € U(fi, [a, 8]). Thus U(fi, [a,B]) is an ideal of S. Since [a, 3] is
arbitrary, it follows that U(fi, [a, B]) are ideals of S for all [a, B] € Im[i.

Conversely, suppose that U(fi, [, 8]) are ideals of S for all [a, 8] € Imi. Let

x,y € S and let fi(x) = [a, ;] and fi(y) = [a,, B]. This shows that x € U, [a1,51])
and y € U(fi, [a,, B,]). Without loss of generality, we consider [ay, ;] > [a5, B2]. Then by
Proposition 3, we have U(fi, [, 81]) € U(fi, [y, B2]). So we find that

x,y € U, [ay, B>]). Now since U(li, [a, B]) are ideals of S for all

[a,B] € Imfi, U(T, [y, B5]) is an ideal of S. Thus x,y € U(li, [y, B>]) implies that x +y €
U(fi, [y, B2]). Therefore

(x4 y) = [ag, Bo] = Min'([aq, B1], [@2, B2]) = Min' (fi(x), (¥ ).
Now let s,t € S be such that fi(t) = [as,B3]. Then t € Ui, [as3,B3]). Therefore st €
U(fi, [as, B3]), since U(fI, [as, B3]) is an ideal of S. So fi(st) > [as, B3] = fi(t). Similarly, if we
take [i(s) = [as, B3], we can prove that fi(st) > fi(s). Consequently, fi(st) > Max'(fi(s), G(t)).
Hence [ is an i.v. fuzzy ideal of S.

Definition 17. If i be an i.v. fuzzy ideal of a semiring S, then the ideals U([i, [, B]) of S, where
la,B] € Imy, are called the level ideals of [i.

Lemma 3. Let S be a semiring and U be an i.v. fuzzy ideal of S. Then for any x,y € S;
u(x) > t(y) whenever x €< y >, the principal ideal generated by y.

Proof. Since S is a semiring with identity, we find that
<y>= {Z?:l r;ys;:r,s; €Sandn e N}. Now x €< y > implies that x = Z?:l r;ys; for
some 1;,s; €S and n € N. Then

n

A=Y i)

i=1
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=H(riysy +rayso+...+1,y8,)

= H((rlysl +raysat. +r1ysp)+ ’”nJ’Sn)

> Min! (ﬁ(rlysl +rySo+...+ rn_lysn_l),ﬁ(rnysn)) (Since @ is an i.v. fuzzy ideal of S)

> Min' ( (roysy + ...+ rp_1¥Sp_1), Max'(G(r,y), u(sn))) (Since @ is an i.v. fuzzy ideal of S)
> Min' (u(rlysl ot Py YSoy), Max (Max (i(ry), 5()), iGs,)) )
(

2 Min'{ fi(r1ysy + ...+ o1 ysn-1), u(y))

> u(y).

Thus we get that g(x) > g(y).

Lemma 4. Let I be an ideal of a semiring S and [a, ] < [y,0] # 0 be any two interval numbers
on [0,1]. Then the i.v. fuzzy subset i of S, defined by :

. lv,6] whenxel,
px) = .
[a,B] otherwise,

is an i.v. fuzzy ideal of S.

Proof Since I is an ideal of S, we have Og € I. Then [i(05) = [y, 8] # 0. So [ is non-empty.
Now letx,y €S.
Case 1: Let Max'(u(x), u(y)) = [a, B]. Then (x) = [a,B] and

A) = [a, 1= i(xy) = [a, B] = Max'(i(x), B(y))

and t(x +y) = [a, f] = Min'(u(x), u(y)).

Case 2: Let Max'(u(x),u(y)) = [y,6]. Then p(x) = [y,6] or u(y) = [y,6] = x €1 or

y € I = xy €I (since I is an ideal of S) = [i(xy) = [y,6] = Max'(f(x),i(y)). Now
Max'(p(x), a(y)) = [y, 6] = Min'(u(x), u(y)) = [a, B] or [y, 6].

Min'(p(x), u(y)) = [a, ] = plx + y) = [a, B] = Min'(u(x), u(y)). Again

Min'(p(x), u(y)) =[y,6] = p(x) =[r,6] and u(y) = [y,6] = x€land

y €l = x+y €1 (since I is anideal of S) = widetildeu(x+y) = [y, 6] = Min'(u(x), u(y)).
Thus in all cases we find that fi(x + y) > Min'(ti(x), G(y)) and f(xy) > Max (G(x), G(y)).
Consequently, fi is an i.v. fuzzy ideal of S.

Lemma 5. Let i be an i.v. fuzzy ideal of a semiring S. Then the set
Uo=1{x €S :u(x)=pu(0s)} is an ideal of S.

Proof. Since Og € g, g is non-empty. Let x,y € uy. Then (x) = u(0g) = u(y). Now,
since {1 is an i.v. fuzzy ideal of S, we have u(x + y) > Min'(u(x),u(y)) = (0g). Also
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by Remark 1, we have u(0g) > u(x + y). Thus u(x +y) = t(0g). So x +y € Ug. Let
se€ S and t € . Then u(t) = u(0g). Now since i is an i.v. fuzzy ideal of S, we have
ulst) = Max'(u(s), u(t)) = Max'(p(s), i(0s)) = u(0s) (since p(0s) = p(s), by Remark 1).
Also since [i(0g) > u(st), we have (st) = u(0g). Thus st € fiy. Similarly, we can show that
ts € liy. Consequently, [ is an ideal of S.

Definition 18. An i.v. fuzzy ideal i of a semiring S is said to be an interval-valued fuzzy prime
ideal of S if [l is not a constant function (i.e. |Imi| > 2) and for any two i.v. fuzzy ideals u, and
Us of S, uq o uy € i implies that either uy € U or iy S .

Theorem 1. Let I be a prime ideal of a semiring S and [a, 3] € D[0,1] \ {1}. Let [i be an i.v.
fuzzy subset of S, defined by :

when x €1,

N 1
Alx) = {[a,ﬁ] otherwise.
Then [ is an i.v. fugzy prime ideal of S.

Proof. By Lemma 4, it follows that @i is an i.v. fuzzy ideal of S. Clearly, g is non-constant.
Let u; and U, be two i.v. fuzzy ideals of S such that (uj o uy) € ti. We have to prove that
either u; C [l or uy C [. If possible, let u; € i and Uy ¢ U. Then there exist x,y € S such
that p;(x) £ G(x) and p5(y) £ t(y). Now according to our assumption, any two interval
numbers in D[0, 1] are comparable. So we find that u;(x) > pt(x) and uy(y) > u(y). This
implies that fi(x) # 1 and fi(y) # 1. Hence fi(x) = f(y) = [a,B]. Sox ¢ I and y ¢ I.
Since [ is a prime ideal of S, there exists s € S such that xsy ¢ I, by Proposition 1. Therefore

p(xsy) = [a,B]. Now,

(o) esy) = sup {Min (e, (@) }

>Min' (R (x), (sy))

>Min' (ﬁ](x),[fz(y)) (Since [, is an i.v. fuzzy ideal of S)
>Min' (fi(x), () )

=[a, ] = plxsy).

This contradicts the fact that (u; o uy) € pi. Consequently, either u; € @i or u, € . Hence [
is an i.v. fuzzy prime ideal of S.

From the above theorem, we can easily produce an example of an i.v. fuzzy prime ideal
of a semiring as follows:

Example 2. Let i be an i.v. fuzzy subset of the set of non-negative integers N defined by:

- 1 when x € 3N,
plx) = .
[0.5,0.6] otherwise.

Then [ is an i.v. fugzgy prime ideal of N,.
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Theorem 2. If {i be an i.v. fugzy prime ideal of a semiring S, then

D
(i)
(iii)

.‘7(05) =T

|Imi] = 2.

Uo = {x eS:ulx)= ,17(05)} is a prime ideal of S.

Proof. Let p be an i.v. fuzzy prime ideal of a semiring S.

(i) If possible, let fi(0s) # 1. Since any two interval numbers in D[0, 1] are comparable, it

(ii)

follows that i(0Og) < 1. Since [ is an i.v. fuzzy prime ideal of S, i is non-constant. Also
(0g) = p(x) for all x € S, by Remark 1. Since [ is non-constant, there exists s € S such
that ti(0g) > u(s). Now we construct two i.v. fuzzy subsets u; and u, of S as follows :

1 wh € o,
wpix)=+~ when x Ho and Uy(x)=u(0g) for all x €8S.
0 otherwise,

Since [ is an i.v. fuzzy ideal of S, we have i, is an ideal of S, by Lemma 5. Then by
Lemma 4, we have uj is an i.v. fuzzy ideal of S. Also u, is an i.v. fuzzy ideal of S,
since it is a constant function. Let x € S be such that u(x) = ti(0g). This implies that
fi;(x)=1. Then for any y €S,

Min' ([I{(x),ﬁg(y)) = us(y) =u(0g) = u(xy). (Since u is an i.v. fuzzy prime ideal of
S, itis an i.v. fuzzy ideal of S. So u(0g) > t(xy), by Remark 1 and

u(xy) = p(x) = t(0g). So we get u(xy) = u(0g)). Now, let x € S be such that
u(x) # u(0g). This implies that u;(x) = 0. Then for any y €S,

Min! ([I{(x),ﬁg(y)) =0 <[i(xy). Thus for any z € S,

sup, ., {Minl(m(x), ;Tz(y))} < {i(2) ie. (B30 3)(2) < fi(z). This implies that iy o
U, C u. Since {i is an i.v. fuzzy prime ideal of S, it follows that either u; € i or uy C [.
But u;(0g) = 1> u(0g) and u5(s) = t(0g) > p(s). Thus we arrive at a contradiction.
Consequently, fi(0g) = 1.

Since [ is an i.v. fuzzy prime ideal of S, it follows that i is non-constant. So
|Imu| > 2. If possible, let |Imfu| > 2. Let a, b € S be such that 1 > u(a) > (b). Now we
construct two i.v. fuzzy subsets u; and u, of S as follows :

1 whenxe<a>
pi(x)=+~ when x @ and Uy(x)=p(a) forall x €8.
0 otherwise,

By Lemma 4, we have u; is an i.v. fuzzy ideal of S. Also u, is an i.v. fuzzy idgal of S,
since it is a constant function. Now suppose x €< a > for x € S. Then u;(x) = 1. So for
any y € S, Min' (,Tfl(x), ;Tz(y)) = Uy(y) = pi(a) < p(xy). (Since x €< a >, we have
u(x) > p(a), by Lemma 3. Also since {i is an i.v. fuzzy ideal of S, we have g(xy) > u(x)
which implies that (xy) > u(a)). Now let x € S be such that x ¢< a >. This implies
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(dii)

that i;(x) = 0. Then for any y €S,
Min' (ffl(x),ffz(y)) =0 < fi(xy). Therefore for any z € S,

SUDP,—yy {Mini (ﬁ](x), Widetilde,uz(y))} < b(z)ie. (ug o ug)(2) < (z). This implies
that U7 o, € . Now since [ is an i.v. fuzzy prime ideal of S, we find that either u; C
or i C fi. But fi7(a) =1 > fi(a) and [i5(b) = fi(a) > f(b). This contradicts the fact
that either u; € u or u, € . Hence |Imp| = 2.

Since @ is an i.v. fuzzy prime ideal of S, [, is an ideal of S, by Lemma 5. Also
is non-constant. So [, is a proper ideal of S. Now let A,B be any two ideals of S
such that AB C [i,. Since A,B are ideals of S, ¥, and yp are i.v. fuzzy ideals of S, by
Lemma 1. Let x € S. If (¥4 0 ¥5)(x) = 0, we find that (a0 xp)(x) = 0< X, (x). If

(Za© Z5)(x) # 0, (7 © Z5)(x) = SUpy—pq {Min' (£4(p), Z5(@) ) } # 0. This shows that

sup,_po {Min'(74(p), 75(@)) } = T. Then Min'(7a(p), 7a(q)) = T for some p,q € 5

such that x = pq, where 7,(p) = 1 and 73(¢) = 1. This implies that p € A and q € B
i.e. pq € AB. Since AB C [, we obtain that x = pq € y. Thus yp (x) = 1. Then
(Xa© xB)(x) = ¥g,(x). Consequently, (¥4 xp)(x) < xp,(x) for all x €S. So we get that
Za° X S X, Lety €S. If x5, (y) = 0 we find that p () < p(y). If x5, (y) =1, it
follows that y € fiy. Then we get that i(y) = i(0g). Again since i is an i.v. fuzzy prime
ideal of S, we find that {(0g) = 1, by Theorem 2(i). Thus x (y) = u(y). So we see
that 75 (v) < i(y) for all y € S. Consequently, ¥;; € ii. Thus we get 740 x5 S ¥, Sl
i.e. ya0 xp € p. Since p is an i.v. fuzzy prime ideal of S, we find that either ¥, € i or
¥ C [i. Suppose 74 C [i. Let z € A. Then 74(z) = 1. Also since ¥, C fi, we obtain that
24(2) < u(z). This implies that p(z) > Tie. fi(z) =1. Since [ is an i.v. fuzzy prime
ideal of S, we have u(0g) = 1, by Theorem 2(i). Thus fi(z) = u(0g). Consequently,
2 € . So we find that A C [iy. Similarly, we can show that B C i, whenever ¥ C [i.
Thus we see that for any two ideals A,B of S, AB C [u, = either A C [i or B C [,.
Hence [, is a prime ideal of S.

From the above two theorems we have the following result:

Theorem 3. If i be an i.v. fuzzy subset of a semiring S, thNen U is an i.v. fuzgy prime ideal of S
if and only if Imu = {1, [a, B]} where [a, ] € D[0,1]\ {1} and [iy is a prime ideal of S.

Theorem 4. Let I(# S) be a subset of a semiring S. Then I is a prime ideal of S if and only if ¥;
is an i.v. fuzzy prime ideal of S.

Proof. Let I be a prime ideal of S. Now in Theorem 1, if we replace [a, 3] by 0, we find
that ¥; is an i.v. fuzzy prime ideal of S.
Conversely, let y; be an i.v. fuzzy prime ideal of S. Then
(1o = {x eS:ylx)= )'ZI(OS)} = {x eS:yx)= T} = 1. Hence [ is a prime ideal of S,
by Theorem 2(iii).
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Lemma 6. Let [i be an i.v. fuzzy prime ideal of a semiring S. Then for any a,b € S; inf {[I(asb) :
se s} — Max! (a(a), a(b)).

Proof. Since U is an i.v. fuzzy prime ideal of S, we have Imju = {1, [a, 5]}, where [a, f] €
D[0,1]\ {1} and {iy is a prime ideal of S, by Theorem 3.
Case 1: Let Maxi([j(a),ﬁ(b)) = 1. This implies that either (a) = T or fi(b) =1 ie.
u(a) = u(0g) or g(b) = u(0g), by Theorem 2(i). Therefore either a € [iy or b € liy. This
implies that asb € [, for all s € S, by Proposition 1. Therefore u(asb) = (0g) = 1 for all
s €S, by Theorem 2(i). This shows that inf{ﬁ(asb) (s E S} =1=Max! ([j(a), [j(b)).
Case 2: Let Max! ([I(a),ﬂ(b)) = [a, B]. Then pi(a) = [a, B] and u(b) = [a, B], since Imfi =

{1,[a, B]1}. This implies that a ¢ [, and b & [i;. Since [, is a prime ideal of S, there
exists s, € S such that asyb ¢ [y, by Proposition 1. Then p(asgb) = [a,3]. Consequently,

inf{a(asb) se s} - Maxi(;z(a), a(b)).

Theorem 5. Let i be an i.v. fuzzgy prime ideal of a semiring S and a, b be any two elements of
S. Then the following are equivalent :

(0 fi(ab) = Max'(fi(a), () ).
(i) p(ab) = u(ba).
Proof (i) = (ii) : Let fi(ab) = Max! (;z(a),;z(b)). Then

fiab) = Max' (fia), fi(b) ) = Max' (i(b), fi(a) ) = fi(ba).

(ii) = (i) : Let i(ab) = (ba) for any two elements a, b of S. Then i(asb) = u(bas) for all
s €S. Also since @i is an i.v. fuzzy prime ideal of S,

ti(asb) = fi(bas) > Max'(f(ba), i(s)) > fi(ba) = fi(ab) for all s € S. Hence

inf{ﬁ(asb) (s € S} > pi(ab). Now by Lemma 6, we have

Max! (;z(a), a(b)) —in f{a(asb) se s}. So Max! (p:(a), a(b)) > [i(ab). Again

fi(ab) > Max® ([j(a), [I(b)). Consequently, fi(ab) = Max' (,L'I(a),[j(b)).

2.2. Interval-Valued Fuzzy Completely Prime Ideal of a Semiring

Definition 19. Let S be a semiring and x € S. Let a € D[0,1] \ {0}. Then an i.v. fuzzy subset
xz of S is called an interval-valued fuzzy point of S if

xz(y) = {E x=0,

0 otherwise.

An interval-valued fuzzy point x; is said to be contained in an i.v. fuzzy subset [ of S, denoted
by xz € i, if a < u(x).
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Remark 2. Let x; be an i.v. fuzzgy point of a semiring S and [ be an i.v. fuzzy subset of S. Then
x5z € i if and only if xz C .

Remark 3. Let x; and y; be two i.v. fuzzy points of a semiring S. Then
(g0 yp) = (xy)Mini(afb)'

Definition 20. A non-constant i.v. fuzzy ideal i of a semiring S is said to be an interval-valued
fuzzy completely prime ideal of S if for any two i.v. fuzzy points xz and y; of S, xz o yj; € U =
either xg € [ or y; € .

Theorem 6. Every i.v. fuzzy completely prime ideal of a semiring S is an i.v. fuzzy prime ideal
of S.

Proof. Let i be an i.v. fuzzy completely prime ideal of S. Then [ is non-constant. Let
t7 and [ be any two i.v. fuzzy ideals of S such that uj o U3 C . Let u; € . This implies
that there exists x € S such that u7(x) £ t(x). Now since according to our assumption, any
two interval numbers of D[0,1] are comparable, we have u;(x) > u(x). This shows that
X (x) € . Now forany y €S and w € S

(Xm0 © Vi) (W) = (xy) (w) (by Remark 3)

Min' ({7 (), 2 ()

_ Min'(p7(x), i2(y)) whenw =xy,
0 otherwise.

Now fi(w) 2 (i 0 )W) = sup,,_, {Min! (F(x), ()} = Min! (75(x), F5(y)) (when
w = xy) = (Xg;(x) © Yiz(y))(W). Also when w # xy, we have u(w) = (xg;(x) © Y (,))(W)-
This shows that (xz;(x) © ¥g; () € B i-e. (Xg;(x) © Y;(y)) € U, by Remark 2. Now since { is an
i.v. fuzzy completely prime ideal of S and xg;(,) € U, we have yg-(,) € u. This implies that
u2(y) < u(y) = uy C . Consequently, fi is an i.v. fuzzy prime ideal of S.

In general, the converse of the Theorem 6 for an arbitrary semiring is not true.
Example 3. Consider the semiring Mo(IR])), where M,(R) denotes the set of all 2 x 2 matrices

with non-negative real entries.
Let 4 be an i.v. fuzzy subset ofMZ(RaL), defined by :

" 1 when Ais the null matrix,
pA) =1 ~

0 otherwise.

Then it can be shown that [ is an i.v. fuzzgy prime ideal of MZ(R(‘;) but [ is not an i.v. fuzzy
completely prime ideal of M,(RY).

But in particular, for commutative semiring we have the following result :

Theorem 7. Every i.v. fuzzy prime ideal of a commutative semiring S is an i.v. fuzzy completely
prime ideal of S.
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Proof. Let S be a commutative semiring and i be an i.v. fuzzy prime ideal of S. Then  is
non-constant. Let xz and y; be any two i.v. fuzzy points of S such that xz o y; € u. Then by
Remark 3, we get (xY)Mini(a,Ta) € lu. So we have Mini(a,g) < ulxy).

Now we construct two i.v. fuzzy subsets us; and u, of S as follows:

b whenze< y >,

and uy(z) = {N

@) a whenge<x >,
Z)=1 ~
Hs 0 otherwise.

0 otherwise;

Then from Lemma 4, it follows that u; and uy are i.v. fuzzy ideals of S. Now

(3 0 ug)(2) = sup,—,, {Mini(ﬁg(u),ﬁ;(v))}. When z can not be expressed as z = uv, where
ue<x>andve<y >, then (uzoug)(z) = 0 < [i(2). Let z = uv for some u,v € S, where
ue<x>andve<y>. Then (3o uy)(2) =sup,—,, {Mini('d,g)} = Mini(a,g). Since S is
a commutative semiring with identity, u €< x > and v €< y >= u =s;x and v = s,y for
some s1,5, € S. Then we have

fi(z) = fi(uv) = fi(s1x55) = fi(s15pxy) = i y) = Min'(@, b) = ({3 © 13)(2).

This implies that (usz o z) € U. Since U is an i.v. fuzzy prime ideal of S, we have either
s € @ or uy S u. This implies that us(x) < p(x) or uy(y) < p(y) = a < p(x) or
b <u(y) = x5 € u or y; € . Consequently, i is an i.v. fuzzy completely prime ideal of S.

Proposition 4. Let {i be an i.v. fuzzy completely prime ideal of a semiring S. Then
o ={x €S :u(x)=pu(05)} is a completely prime ideal of S.

Proof. Let [ be an i.v. fuzzy completely prime ideal of a semiring S. Then {i is an i.v. fuzzy
prime ideal of S, by Theorem 6. So [, is a prime ideal of S, by Theorem 2(iii) and hence a
proper ideal of S. Let x, y € S be such that xy € fiy. Then fi(xy) = i(0g) = 1, by Theorem
2(i). This implies that (xy);7 € . Thus by Remark 3, we get (x7 o y7) € ti. This implies that
either xy € i or y; € U, since u is an i.v. fuzzy completely prime ideal of S. Thus it follows
that either T~§ u(x) or TNS u(y).
= (x) =1oru(y)=11ie. flx)=p(0s) or u(y) = p(0s).
= X € i Or ¥ € lUg.

Hence [i, is a completely prime ideal of S.

Theorem 8. Let [i be an i.v. fuzzy subset of a semiring S such that Imfi = {1, [a, B1}; where
[a,B] €D[0,1]\ {1} and iy = {x € S : ti(x) = u(0g)} is a completely prime ideal of S. Then i
is an i.v. fuzzy completely prime ideal of S.

Proof. Let i be an i.v. fuzzy subset of a semiring S such that Imp = {1,[a, B1}; where
[a, ] €D[0,1]\ {1} and fi, = {x €S : [i(x) = [i(05)} is a completely prime ideal of S. Since
Uo is a completely prime ideal of S, it is a prime ideal of S. Then by Theorem 3, we get that
p is an i.v. fuzzy prime ideal and hence a non-constant i.v. fuzzy ideal of S. Let x5 and y; be
any two arbitrary i.v. fuzzy points of S such that xz o y; € i. Then by Remark 3, we find that
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(Y )pinia) € M e Min'(@,b) < [i(xy). We have to prove that either x; € [i or y; € b If
possible, let x; ¢ 4 and y; ¢ . Since according to our assumption any two interval numbers
are comparable, it follows that @ > u(x) and b > u(y). Therefore fi(x) = [a, B] = u(y),
since Imfi = {1, [a, ]} This implies that x ¢ [i, and y ¢ [i,. Now since fi, is a completely
prime ideal of S, we have xy ¢ fiy. Since fi is an i.v. fuzzy prime ideal of S, [i(0g) = 1, by
Theorem 2(i). So xy ¢ g = u(xy) # u(0g) = 1. Consequently, u(xy) = [a, ], since
Imii = {1,[a, B1}. Now

[a,B]l=u(xy) = Mini(aN,%) > Min'(fi(x),i(y)) = [a, B]. Thus we arrive at a contradiction.
Hence either x5 € i or y; € fi. Thus @ is an i.v. fuzzy completely prime ideal of S.

Theorem 9. Let [i be an i.v. fuzzy ideal of a semiring S with Imfi = {1, [a, B1}; where [a, ] €
D[0,1]\ {1}. Then @ is an i.v. fuzzy completely prime ideal of S if and only if its only proper
level ideal U(fi, 1) is a completely prime ideal of S.

Proof Since Imfi = {1, [a, pB1}, where [a, ] € D[0,1]\ {1}, we have U(fI, [a, B1)=S. So
only proper level ideal of [i is U(1, 1), by Lemma 2. Let [i be an i.v. fuzzy completely prime
ideal of S. Then [, is a completely prime ideal of S, by Proposition 4. Now since i is an i.v.
fuzzy completely prime ideal of S, we find that [ is an i.v. fuzzy prime ideal of S, by Theorem
6. Thgn u(0g) = 1, by Theoiem 2(i). Also we ﬁndihat
U ) ={xes:px) 21} ={xeS:pulx)=1} = {x €S : u(x) = u(0s)} = Ho. Hence
U(u, 1) is a completely prime ideal of S.

Conversely, let U(fi, 1) be a completely prime ideal of S. Since [i is an i.v. fuzzy ideal of S, it
follows that (0Og) > u(x) for all x € S, by Remark 1. Again since Imu = {1, [a, 5]}, where
[a,8] € D[0,1]\ {1}, we find that {i(0g) = 1. Thus

U, D)={xeS:px) =21} ={xeS:ulx)=1} = {x €S : pu(x) = pu(0s)} = o. So [y is a
completely prime ideal of S. Then by Theorem 8, we have { is an i.v. fuzzy completely prime
ideal of S.

Theorem 10. Let i be an i.v. fuzzy prime ideal of a semiring S. Then [ is an i.v. fuzzy completely
prime ideal of a semiring S if and only if for any two i.v. fuzzy points xz and y; of S, xzo y3 €
b= y; o xz € .

Proof. Let {i be an i.v. fuzzy completely prime ideal of S. Since [ is an i.v. fuzzy prime
ideal of S, we find that Imfi = {1, [a, B1}, where [a, ] € D[0,1]\ {1} and Uo is a prime ideal
of S, by Theorem 3. In fact we find that [i, is a completely prime ideal of S, since i is an
i.v. fuzzy completely prime ideal of S, by Proposition 4. Let xz and y; be any two i.v. fuzzy

points of S such that x; o y; € i. Then we have (x y) € U, by Remark 3. This implies

Mini(@,b)
that Mini(a,IN)) < u(xy). Now

Case 1: Let xy € [iy. Since fi is an i.v. fuzzy prime ideal of S, we find that fi(05) = 1, by
Theorem 2(i). Then xy € [i, implies that fi(xy) = fi(0s) = 1. Now since the prime ideal [i,
of S is also a completely prime ideal of S and xy € [, we find that yx € [i,, by Proposition
2. This shows that u(yx) = u(0g) = 1, by Theorem 2(i) . Therefore, Mini(aN,%) <ulxy)=
U(yx). This implies that (J’x)Mini(a,T;) clie. (yx)Mini(E,a) € [u. Then by Remark 3, it follows
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that y; o x; € li.

Case 2: Let xy ¢ Ug. This implies that g(xy) # u(0g) i.e. g(xy) # 1, by Theorem 2(i). Then
fi(xy) = [a, B], since Imfi = {1, [a, B]}. So we have

ﬁ(yx) = [a, /5] = lj(x.)’) = Minl(a, b) = (-yx)Mini(E,Nb) € .‘7 = (_)’X)Mini(bﬁ) € .‘j Then by
Remark 3, we get y; o x5 € .

Conversely, let i be an i.v. fuzzy prime ideal of S such that for any two i.v. fuzzy points
xz and y; of S, xzoy; € U => y; o Xx; € . Since [i is an i.v. fuzzy prime ideal of S,
Imi = {1, [a, 5]}, where [a,B] € D[0,1]\ {1} and Uo is a prime ideal of S, by Theorem 3.
Let xy € [ip. Then fi(xy) = fi(0s) = 1, by Theorem 2(i). So (xy); € U= xy0y;7 € (by
Remark 3) = y;j 0 x7 € i = (yx); € i (by Remark 3)

=1 <i(yx) = [i(yx) =1 = [i(0s) (by Theorem 2(i)) = yx € fio. Hence widetildeu,
is a completely prime ideal of S, by Proposition 2. Thus [, is a completely prime ideal of S
and Imfi = {1, [a, 8]}, where [a, f] € D[0,1]\{1}. Consequently, by Theorem 8 we find that
b is an i.v. fuzzy completely prime ideal of S.
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