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Abstract. The problem of mathematical simulation of dynamic system characteristics behavior and
their adequacy to real experimental data, which correspond to these characteristics, is considered in
this paper. The specified problem is still poorly investigated and hardly adapted to formalization. The
requirements of related to the adequate mathematical simulation of dynamic system are considered for
the case when mathematical description is represented by system of the ordinary differential equations.
The conditions are obtained which allow to reduce a problem of the adequate mathematical description
to the solution of the several integral equations of the first type. The methods of obtaining of the steady
solutions are suggested. The domains of application of the obtained solutions are specified. For a case,
when the differential equations of dynamic system are given with errors in coefficients, several variants
of synthesis of the adequate mathematical descriptions depending on final goals of this description use
are suggested. The examples of the adequate descriptions of concrete dynamic systems are given.
2010 Mathematics Subject Classifications: 34A55
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1. Introduction
The problem of synthesis of adequate mathematical description of dynamic system was
considered by many authors during the last decades. The contemporary situation in this field
has been characterized by R.Shannon [21], who admitted, that despite the extensive literature on a substantiation and study of simulation accuracy, these questions still remain almost
so difficult as well as at the beginning of their development. In the synthesis of adequate
description of real systems the decisive question is the conformity (in some reasonable sense)
of model output to an expected output of real system. In other words, the author specifies
importance of a question of adequacy of the mathematical description to a real process.
We consider a typical situation which arises during the analysis of new processes or phenomena. It is supposed that real physical process is observed and the records of experimental
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measurements of some characteristics of this process are given. It is necessary to develop
adequate mathematical description of this process for further use.
In this paper the mathematical models of physical processes described only by the system
of the ordinary differential equations are examined [1, 9, 19, 20]. Such idealization of real
processes or dynamic systems is widely used in various areas for the description of control
systems [11], as well as of mechanical systems with the concentrated parameters [2, 7],
economic processes [10], biological processes [23], ecological processes [18] etc. In some
works with the help of such systems human emotion are simulated [3].
We assume also, that the process is open, i.e. it interacts with other neighboring processes.
In the closed processes there is no such interaction.
For the simplicity, we select the dynamic process with mathematical models in the form of
linear system of ordinary differential equations:
ẋ(t) = C̃ x(t) + D̃z(t),

(1)

y(t) = F̃ x(t),

(2)

with the equation of observation
T

where x(t) = (x 1 , x 1 , . . . , x n ) is vector function of variables, which characterizes the state of
process ,z(t) = (z1 , z1 , . . . , zl ) T is vector function of unknown external load, y(t) = ( y1 , . . . , ym ) T ;
C̃, D̃, F̃ are matrices with constant coefficients of the appropriate dimension which are given
approximately, F is matrix with constant coefficients having dimension (m×n) and r ankF = m
( (·) T is a mark of transposition).
If the part of external loads of real process is known, this case can be reduced to one which
is examined before using principle of linearity of initial dynamic system.
We assume that the state variables x i (t), 1 ≤ i ≤ n of system (1) correspond to some real
characteristics of process which is under investigation x̃ i (t), 1 ≤ i ≤ n. Let’s assume that the
vector function ỹ(t) is obtained from experimental measurements.
The problem of synthesis of adequate mathematical description with the use of system (1)
can be formulated as follows: it is necessary to find unknown vector function of external load
z(t) in such a way that the vector function y(t), which are obtained from system (1) under
this external load z(t), coincides with experimental data ỹ(t) with accuracy of experimental
measurements in chosen functional metrics.
We consider what prospects of adequate descriptions are valid for further use and what
goals should be selected in process for creation of adequate mathematical descriptions.
It would be useful to address to classical results in this area. In paper [21] the following
statement was done: "... the imitation simulation is the creation of experimental and applied
methodology which aimed at the use of it for a prediction of the future behavior of system ".
So the adequate mathematical descriptions are intended for the forecast of behavior of real
processes at first. The adequate mathematical simulation helps to predict behavior of real process in new conditions of operation. For example, it is possible to test more intensive mode of
operations of the real machine without the risk of its destruction. Such tool (adequate mathematical description) allows to simulate the characteristics of process in the unconventional
modes of operations, and also to determine optimum parameters of real process.
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The considered situation requires formation of some uniform and methodological approach to this problem, general algorithms, common criteria of evaluation of adequacy degree
[14, 16, 21].
The offered research is supposed to have general character and, therefore, it requires
analysis of concrete processes in different areas of practice. In this case theoretical results will
be valid for wide class of processes.
The given research is devoted to consideration of problems of the specified type. The
author hopes that the study of the specified problems will be useful for a construction of the
adequate mathematical descriptions of real physical processes.
The paper is organized as follows: definition of problem of synthesis of adequate mathematical description is given in first section, one approach to solution of synthesis problem is
presented in second section, the specific features of obtained integral equations and methods
of solution are considered in section 3-4, main results (synthesis of adequate mathematical
description for some cases) are obtained in section 4,5,6.

2. Statement of Problem of Adequate Mathematical Description Synthesis
There exist two approaches to problem of construction of adequate mathematical description [14, 16]:
i) Mathematical model of process of type (1) is given a priori with inexact parameters and
then the models of external loads were determined for which the results of mathematical
simulation coincide with experiment [14, 16];
ii) Some models of external loads are given a priori and then mathematical model of process of type (1) is chosen for which the results of mathematical simulation coincide with
experiment [5, 6, 22].
Now we will consider the synthesis of adequate mathematical description in the frame of first
approach if the motion of process is described by ordinary differential equations of n-order
(1).
We assume that vector-function y(t) in system (1),(2) is obtained from experiment and
presented by graphically.
According to first approach, it is necessary to develop the construction of such vector
function of external load which is characterized by the functions of state x 1 (t), x 2 (t), . . . , x n (t)
of mathematical model (1), and will coincide with experimental measurements ỹ(t) with
inaccuracy of initial data in given metrics. Such mathematical model of process behavior
together with obtained vector function of external load z(t) can be considered as adequate
mathematical description of process.
Such method of obtaining of mathematical models of external loads (functions z1 (t),
z2 (t), . . . , zl (t), l ≤ m) is determined in literature as a method of external loads identification [4, 8]. By the way, physical reasons of occurrence of such external loads are not taken
into account. They are only functions which in combination with mathematical model (1)
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provide results of mathematical simulation, which coincide with experiment with the given
accuracy.
Now we consider the synthesis of function of external loads by a method of identification
[14, 16].
The part of state variables x̃ 1 (t), x̃ 2 (t), . . . , x̃ m (t) can be obtained by an inverse of equation
(2) with function ỹ(t):
x̃ k (t) = Nk ( ỹ(t)),
where Nk ( ỹ(t)) is known functions.
Let’s consider known state variable x̃ k (t) as two known internal loads dk x̃ k (t) and
[−dk x̃ k (t)] where dk is known constants. Such interpretation of state variables x̃ k (t) allows
to simplify initial system. Such transformation will be determined as "k-section" of initial
system [14, 16].
In some cases after lines of "k-sections" the initial system (1) will be transformed to some
subsystem at which one state variable is known, for example, x̃ 1 (t) and at which all external
loads z̃k (t), k = 2, . . . , m, except z1 (t), for example, are known. For the system of type (2)
with the help of a number of "sections" can be obtained the subsystem of initial system which
motion parameters are described by the differential equations
ẋ(t) = A1 x(t) + B1 z1 (t),

(3)

ŷ1 (t) = c1 x̃ 1 (t),

(4)

with the equation of observation
where A1 is matrix with constant coefficients of the appropriate dimension; B1 is vector column, c1 is const. So, it is supposed that for the obtained subsystem one external load is
unknown and one variable of state x̃ 1 (t) is given.
Motion x(t) = x(t, t 0 , x 0 ) of a subsystem (4) of systems (1) which satisfies the initial
condition x(t 0 ) = x 0 , are determined by the formula x(t) = x(t, t 0 , x 0 ) [14].
From the equation of observation we will have
x 1 (t) =

c1−1 y1 (t)

0

= Ψ[t − t 0 ]x +

Z

t

Ψ[t − τ]B1 z1 (τ)dτ,
t0

(i)

where Ψ[t − t 0 ] = {ψk [t − t 0 ]} is fundamental matrix of uniform system (3).
The equation (3) gives
x 1 (t) =
=
=

Z

t

t0
n
X

i=1
n
X
i=1

(1)

ψ1 (t − τ)b1 z1 (τ)dτ +

n
X

(i)

ψ1 (t − τ)x i0

i=1

(i)

ψ1 (t − τ)x i0 +
(i)

ψ1 (t − τ)x i0 +

Z
Z

t

(1)

z1 (τ)ψ1 (t − τ)b1 dτ
t0
t

K1 (t − τ)z1 (τ)dτ,
t0

(5)

Y. Menshikov / Eur. J. Math. Sci., 2 (2013), 256-271

260

where b1 is the first element of vector column B1 ,
(1)

K1 (t − τ) = ψ1 (t − τ)b1 .
From (5) we have
x 1 (t) =

n
X

(i)
ψ1 (t

− τ)x i0

+

i=1

or

Z

Z

t

K1 (t − τ)z1 (τ)dτ
t0

t

K1 (t − τ)z1 (τ)dτ = P(t),

(6)

t0

where
P(t) = x 1 (t) −

n
X

(i)

ψ1 (t − τ)x i0

i=1

is known function.
The function z(t) which was obtained with the use of such method depends on chosen
mathematical model (1).
If the initial system (1) does not satisfy the condition, as have been specified above, then
this system can be reduced to system (3) by aid of additional measurements [14, 16].
With the use of similar transformations it is possible to receive the other integral equations
for all unknown functions of external loads zk (t). After the solving of the integral equations,
such as (6), all unknown functions of external loads of system (1) will be obtained.
Further, the function of external loads which are found in such a way together with mathematical model of process (1) gives the adequate mathematical description of process.
Function P(t) in equation (6) was obtained with use of experimental measurements
x̃ 1 , x̃ 2 , . . . , x̃ n . So the function P(t) is function which is given as graphic.
Let us present now (6) as
Ap z = u g ,
(7)
where A p is linear operator, A p : Z → U, z ∈ Z, u g ∈ U is initial experimental data (graphic), z
is unknown function, (Z, U are functional spaces). Let’s assume, that the operator A p continuously depend on some vector parameters p of mathematical model of process:
p = (p1 , p2 , . . . , pn ) T . The coefficients of matrices C̃, D̃ can be chosen as components of such
vector parameters p.
It can be shown that in the most practical problems the operator A p is completely continuous [24].
Thus, a necessary condition for obtaining the equation (7) describing required external
load z j , is the possibility through a number of "sections" to obtain a subsystem of initial system
with one unknown external load and one known state variable x j , 1 ≤ j ≤ n. It is easy to
demonstrate an example of system such as (1), in which such opportunity is absent.
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3. Specific Features of Integral Equations Solutions
We will consider the integral equation such as (7). From the practical point of view it
is convenient to take Z as Banach space of continuous functions C[0, T ] or Hilbert space
W21 [0, T ] , where [0, T ] is interval of time on which the functions of external loads are being
investigated [24]. As far as the initial experimental data are frequently varying functions, it
is convenient to accept U as Hilbert space L2 [0, T ] [24].
Further, we shall suppose that the element u g in the equation (7) is exchanged by function
uδ which approximated given graphic u g with a known error:
ku g − uδ kU ≤ δ,
where δ is const, δ > 0.
Let’s denote by Q δ,p the set of the possible solutions of an inverse problem of identification
of function of external load (8) with the fixed operator A p :
Q δ,p = {z : kA p z − uδ kU ≤ δ}.
Any function z from set Q δ,p may be considered as "good" function of external load as far
as the function A p z coincides with uδ with accuracy of approximation.
Thus, the operators A p and any function from set Q δ,p give a pair which will provide
adequacy of results of mathematical simulation with accuracy δ.
We shall name the process of determination of z ∈ Q δ,p as synthesis of function of external
load by a method of identification [15].
However set of the possible solutions Q δ,p at any δ has a number of specific features (it
is actually incorrect problem) [24]. First, and main of them is that this set is not bounded at
any δ [24].
Let’s consider this feature more in detail due to the fact that it leads to a number of
unexpected and unusual consequences.
The set Q δ,p contains infinite number of the solutions like any problem with the use of
approximate data. However, the set Q δ,p contains functions which can differ one from another
on infinite value [16, 24]. It is due to the reason that the operator A p in the equation (8), as
a rule, is completely continuous.
Thus, the set Q δ,p includes the essentially different functions which are equivalent in sense
of the solution of the equation (8). Therefore, the basic difficulty will be the selection of the
concrete solution from infinite set of the various equivalent solutions. For this purpose it is
necessary to involve some additional information [24].

4. Methods of Solution of Identification Equation
For obtaining of the steady solutions of formulated above problems it is necessary to use
the method of Tikhonov’s regularization [24].
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Let us consider the stabilizing functional Ω[z] which has been defined on set Z1 , where
Z1 is everywhere dense in Z [24]. Consider now the following extreme problem:
Ω[zδ,p ] =

infT

z∈Q δ,p

Ω[z], p ∈ Rn .

(8)

Z1

Let us assume that the stabilizing quadratic functional Ω[z] has the additional property
(i):
a functional Ω[z] generates on the set Z1 ⊂ Z a Hilbert space Z̃1 with the majorant norm
k · k Z̃1 ( k · k Z̃1 ≥ k · k Z1 ) [24].
Let the functional Ω[z] has the additional property (i). It was shown that under these
conditions the solution of the extreme problem (8) exists, is unique and stable with respect to
small change of initial data uδ [24]. The function zδ,p is named the stable model of external
load after taking into account the only inaccuracy of experimental measurements. The solution of a problem (8) can be non-unique. For the purposes of mathematical simulation any
such solution will be acceptable. Such function of external load can be used for mathematical
simulation of initial system (1).
Still, there are no basis to believe, that the function zδ,p will be close to real external
load zex . It is only good and steady function (model) of external load [14, 16]. In addition,
the error of function zδ,p with respect to zex can be significant. For the purpose of adequate
mathematical description synthesis fits any function from the set Q δ,p . This quality of the
inverse problem (7) allows us to consider this problem as the special inverse problem.
However, such approximate solution can be interpreted in other way. The regularized
solution can be treated as steadiest with respect to change of the factors which were not
taken into account in mathematical model. These factors may include changes in structure of
mathematical model of system, the influence, which were not taken into account, change of
conditions of experiment etc. We can prove such interpretation of the approximate solution.
At the synthesis of mathematical model of physical process we will first of all take into
account the factors which define a low-frequency part of change of state variables. First, it
is due to the fact that this part of a spectrum is well observed during the experiment, as
measuring devices do not deform it. Secondly, the high-frequency components of external
loads as well as equivalent to them insignificant factors not taken into account quickly die
away in process of distribution among inertial elements. Thus, factors of interactions, which
were not taken into account and equivalent to them influences, change only high-frequency
part of the approximate solutions. If the factors, which are not taken into account, change
a low-frequency part of the solutions then it means that mathematical model of process is
chosen incorrectly. In work [25] has been shown that the regularized solution zδ,p represents
result of high-frequency filtration of approximate solution. The greater degree of smoothing
of the solution corresponds to greater error of initial data. Hence, the regularized solution zδ,p
can be interpreted as the function from set Q δ,p which is the steadiest with respect to changes
of factors, which are not taken into account. Such quality of the regularized solution is very
important when it is used in mathematical simulation of real processes when the results of
simulation are steady with respect to small changes factors, which are not taken into account
and which are naturally present at any mathematical model of process.
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The obtained solution of a synthesis problem of external load function zδ,p requires, as a
rule, the additional analysis. It is necessary, first of all, to determine transformation of model
zδ,p with change of a operational conditions, for example, change of speed of movement of
real dynamical system, change of sizes of various static loads etc. As a result of the analysis,
the model z p will be obtained which can be used for mathematical modeling of real processes
and also at study of new prospective modes of operations.
For the numerical solution of an extreme problem (8) the discrepancy method was used
[24]. The problem (8) was replaced by following extreme problem
M α [A p , zδ,p ] = inf M α [A p , z] = inf {kA p z − uδ k2U + αΩ[z]}.
z∈Z1

z∈Z1

(9)

where parameter of regularization α was determined from a condition
kA p zδ,p − uδ kU = δ.
Theorem 1. The solution of extreme problem (9) exists, unique and is stable to with respect to
small change of function uδ if Ω[z] is stabilizing functional with additional property (i) [24].
So the obtained function zδ,p together with operator A p give the adequate mathematical
description of process which is stable to small change of initial data.
In this case the analysis of a problem was reduced to the solution of the Euler’s equation
for functional (9) if the functional space U is Hilbert space:
A∗p A p zδ,p + αΏ[zδ,p ] = A∗p uδ .

(10)

where A∗p is the associate operator to A p ; Ώ[z] is Frechet’s derivative.
The approximate solution of the equation (10) on a uniform discrete grid was carried out
by a numerical method.

5. Synthesis of Adequate Mathematical Description of Main Mechanical Line
Dynamics of Rolling Mill
Now we consider in detail the problem of adequate mathematical description synthesis of
the main mechanical line of rolling mill [12, 13].
The four-mass model with weightless elastic connections is chosen as mathematical model
of dynamic system of the main mechanical line of the rolling mill [12, 13]. One variant of the
kinematical scheme of it presented in Figure 1. where: 1 is engine, 2 is coupling, 3 is gears, 4
is driving shafts, 5 is operational barrels.
The equations of motion are obtained from the Lagrangian equations of second kind:
M̈12 + ω212 M12 −

c12

c12

Meng (t),
ϑ1
c23
c23 U
M̈23 + ω223 M23 −
M12 +
M24 =
M (t),
ϑ2
ϑ3
ϑ3 r ol
ϑ2
c23

(M23 + M24 ) =

(11)
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2
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ϑ2
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M12 +

3

c24
ϑ4

M23 =

4

c24
ϑ4

M rLol (t),

(12)

5

*

(a)

(b)

Figure 1: Kinematical scheme of the main mechanical line of rolling mill.
Here the following designations were accepted:Meng is moment of engine, ϑi are moments
of inertia of the concentrated weights, cik are rigidity of the appropriate elastic connection,
M rUol , M rLol are moments of technological resistance put to the upper and lower operational
barrels accordingly; Mik are moments of elasticity forces which are applied to shafts between
mass ϑi and ϑk ; ω2ik = cik (ϑi + ϑi )ϑi−1 ϑk−1 .
Actually, the constructed mathematical model may correspond to real process and may
not. It is necessary to check up correctness of the constructed mathematical model. For this
purpose the data of experiment are used. If the results of mathematical simulation coincide
with results of experiment (with accuracy of measurements) then mathematical description
of process is considered as adequate to a reality. In other words, the mathematical description
corresponds to real process.
The information related to the real motion of the main mechanical line of rolling mill was
obtained by an experimental way [12, 13]. Such information is being understood as availability of functions M12 (t), M23 (t), M24 (t). The records of functions M12 (t), M23 (t), M24 (t) of a
given process are shown in Figure 2. The errors of experimental measurements are less than
to 7% in the uniform metrics.
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Figure 2: The records of functions M12 (t), M23 (t), M24 (t).
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Figure 3: The diagrams of models of external loads M rUol (τ), M rLol (τ).
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It is obvious that the results of mathematical simulation of system (1) depend directly on
character of change of external loads which are applied to operational barrels of the rolling
mill and external impact of the engine Meng (t), M rUol (t), M rLol (t). Sometimes it is possible to
pick up such loadings Meng (t), M rUol (t), M rLol (t), in which the results of mathematical simulation M12 (t), M23 (t), M24 (t) coincides with experiment (Figure 2). If such choice is possible,
then mathematical model (1) combined with the found loads Meng (t), M rUol (t), M rLol (t), will
give adequate mathematical description of real process.
The problem of the adequacy of mathematical description can be formulated by other
way: is it possible to choose the parameters of mathematical model ϑi , cik and its structure in such a manner that the results of mathematical simulation will coincide with experiment with the given accuracy, provided that the certain character of change of external loads
Meng (t), M rUol (t), M rLol (t) are given. It may be shown that the answer to this question is positive.
The solutions of identification problem of the stable functions of external load on operational barrels, for experimental data presented in Figure 2 was performed by taking into
account only inaccuracy of experimental data.
The parameters values of system (11) were selected as follows:
C12 = 9.5 · 105 K H M , C23 = C24 = 7.5 · 104 K H M ,
ϑ1 = 110T M 2 , ϑ2 = 30T M 2 , ϑ3 = ϑ4 = 3.5T M 2 .
The results of calculation are presented in Figure 3.

6. Synthesis of Adequate Mathematical Description for Class of Operators
It is necessary to apply various methods of simplification in developing the mathematical
model, such as taking into account different forces and their impact on the movement of
real system. The various models (with different parameters) of real process or system were
obtained by the different authors even in cases, when the structures of the mathematical
descriptions (models) are similar. So, it is supposed that the vector parameters p is given
inexactly. So vector p can get different values in given closed domain D : p ∈ D ⊂ Rn .
Some operator A p corresponds to each vector from D. The set of possible operators A p
has been denoted as class of operators KA = {A p }. So we have A p ∈ KA. The deviations of
operators A p ∈ KA between themselves from set KA can be evaluated as:
sup kA pα − A pβ k Z→U ≤ h1 .

pα ,pβ ∈D

Now we transfer to consideration of a more general problem of synthesis of external loads
functions in which the inaccuracy of operator A p will be taken into account [17].
The set of possible solution of equation (8) is necessary to extend to set Q h1 ,δ taking into
account the inaccuracy of the operator A p , p ∈ D [24]:
Q h1 ,δ = {z : kA p z − uδ kU ≤ h1 kzk Z + δ}.
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Any function from Q h1 ,δ causes the response of mathematical model coinciding with the response of investigated object with an error into which errors of experimental measurements
and errors of a possible deviation of parameters of a vector p ∈ D are included.
It should be noted that the set of the solutions of a problem of synthesis Q h1 ,δ at the
fixed operator A p from KA in Q h1 ,δ contain elements with unlimited norm (incorrect problem)
therefore the value h1 kzk Z + δ can be infinitely large. Formally speaking, such situation is
unacceptable as it means that the error of mathematical simulation tends to infinity, if for the
simulation of external load is used the arbitrary function from Q h1 ,δ as functions of external
load. Hence not all functions from Q h1 ,δ will serve as "good" functions of external load.
Another method of accounting errors operator A p ∈ KA in equation (7) is proposed to
overcome this limitation. The following set Q∗δ is using instead of the set of possible solutions
Q h1 ,δ .
[
Q δ,p ,
Q∗δ =
A p ∈KA

S

where
is the sign of union.
Any function of the set Q∗δ satisfies equation (7) up with the inaccuracy δ for the corresponding operator A p ∈ KA.
Any function from Q∗δ in conjunction with the corresponding operator A p gives a couple
which provides an adequate description of the physical process.
The functions of external load z(t) in this case can be different. They will depend on final
goals of mathematical simulation.
Let us considered some extreme problems which may be investigated in this case:
Ω[z0 ] = inf∗ Ω[z] = inf

infT

A p ∈KA z∈Q δ,p

z∈Q δ

Ω[z 1 ] = sup

infT

A p ∈KA z∈Q δ,p

Ω[z].

(13)

Z1

Ω[z].

(14)

Z1

Solution z0 of the extreme problem (13) is a model of external load which is stable to
small changes of the initial data.
Function A p0 z0 coincides with the given function u g with the inaccuracy δ. From a practical point of view the function z0 allows you to answer the question under what parameters the
minimum of functional Ω[z] on the set Q∗δ achieves, under what parameters will be achieved
a minimum of energy control, for example. Similar properties will have the solution z 1 . From
a practical point of view the function z 1 allows you to answer the question under what parameters the maximum of functional Ω[z] on the set Q∗δ reaches, under what parameters will
be reached a maximum of energy control, for example.
Theorem 2. The solution of extreme problem (13) z0 exists, has a unique and stable solution
to small changes of initial data if the stabilizing quadratic functional Ω[z] has the additional
property (i) and the function ϕ(p) = Ω[zδ,p ] is a strongly convex on a set D for any δ > 0 [17].
Two couples {A p0 , z0 } and {A p1 , z 1 } fit for the purpose of adequate mathematical description synthesis.
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The function of external load, which is necessary for estimation from below of output
of dynamic system (process) can be obtained as solution of the following extreme problem
[14, 16]:
kA p b z b kU = inf kA p zδ,p kU ,
(15)
p∈D

where zδ,p is the solution of extreme problem (8).
Another model for estimation from above of output of dynamic system (process) can be
obtained as solution the extreme problem [14, 15]:
kA pc zc kU = sup kA p zδ,p kU .

(16)

p∈D

As unitary model zun we can call the solution of following extreme problem [14, 16]:
kA pun zun − uδ kU = inf sup kA p zδ,a − uδ kU ,
zδ.a p∈D

(17)

where zδ,a is the solution of extreme problem (8) with p = a, a ∈ D.
Let us suggest that function z g,p ∈ Q δ,p bounded in Z for any p ∈ D(A p z g,p = u g ). By Q p
denote the set of functions z g,p : Q p = {z g,p }.
Now we will consider additional extreme problem
kA p0 ẑ0 − u g kU = inf sup kA pα z − u g kU , pα , p ∈ D, u g ∈ E(A p ).
z∈Q p A

pα ∈KA

(18)

So the pair {A pun , zun } gives the stable adequate mathematical description for class of operators of process as example of possible one.
A problem of a finding z ∈ Q∗δ will be entitled by analogy to the previous one as a problem
of synthesis for a class of operators [15].
The method of special mathematical model selection was suggested for solution of such
extreme problems [16].
The real calculations of external loads function zun on rolling mill were presented as an
example in [12, 15].
The variations of parameters are chosen as follows:
9.0 · 105 K H M ≤ C12 ≤ 1.0 · 106 K H M , 7.5 · 104 K H M ≤ C23 = C24 ≤ 7.5 · 104 K H M ,
100T M 2 ≤ ϑ1 ≤ 120T M 2 , 25T M 2 ≤ ϑ2 ≤ 35T M 2 , 3T M 2 ≤ ϑ3 ≤ ϑ4 ≤ 4.0T M 2 .
For the case which is shown on Figure 2. the function of external load as solution of
extreme problem (16) is presented on Figure 4.
It is necessary to note that results of synthesis do not vary if to change the initial data
within the limits of accuracy of measurements δ and if to change the initial dynamic system,
so that the inaccuracy of operator A p would not differ from any operator A pα ∈ KA on value
less then h1 accordingly.
The results of calculations show that the estimation from above of accuracy of mathematical modeling with model zun for all A p ∈ KA does not exceed 11% in the uniform metrics with
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average error of mathematical model parameters of the main mechanical line of rolling mill
equal to 10% and errors of experimental measurements equal to 7% in the uniform metrics.
Note that taking into account the error of the operator A p leads to more smooth results of
identification (see Figure 2. and Figure 4).
The comparative analysis of mathematical modeling with various known models of external loads and experimental data were presented in work [13]. The model of external load zun
better corresponds to new experimental observations.
M HM

zop
800

400
0.1s

0

t,s

0

Figure 4: The diagrams of models change of the technological resistance moment on the upper
worker barrel of rolling mill.

7. Conclusion
The problems of synthesis of adequate mathematical description of real dynamical system
are considered in this work. One of the possible solutions of above-mentioned problems is the
choice of function of external loads adapted to dynamical system by identification method.
The peculiarities of such approach were investigated. These problems are actually incorrect
ones by their nature and that is way for their solution were used the regularization Tikhonov’s
method. For the case when mathematical model are given approximately, different variants of
choice of external loads functions which depend on final goals of mathematical simulation are
considered. It can be as follows: simulation of given motion of system, different estimation
of responses of dynamic system, simulation of best forecast of system motion, the most stable
model with respect to small change of initial data, unitary model etc.
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